
ar
X

iv
:2

21
0.

03
45

8v
4 

 [c
s.C

R
]  

19
 Ju

n 
20

23

f�o fDguvyam �tsnlvsgy fDguvya cdvrtDdldAs vAM onAsDni ne

Cvsv fDnydrrgAP

tJ�red� nhJX

erahJXmShs,dxH

iDh�huJr oduJxJr

xduJxJrmShs,dxH

vH�d 10@ 1.12

�arsAtbs

md CEnCnrd wAz rsHzb w Adv CERIwyb zd)ARsRnAfi sdEldz fEnxwxUb �CCEnaRlwsdUb onEEdys ;f�o(
fERIwyb- f�o fERIwyb ygwEwysdERMdr sgd RAOnElwsRnA,sgdnEdsRy gwEzAdrr sn EdynIdE rdArRsRId zwsw PRIdA
wExRsEwEb RAOnElwsRnA zRryUnrHEd.UdwTwPd zHERAP.wOsdE wAb CEnydrrRAP- kAURTd sgd yUwrrRy yEbCsnPEwCgRy
zd)ARsRnA wAz pR1dEdAsRwU fERIwyb ;pf(fi vgRyg ynArRzdE sgd wcudprwphwi =h�otslh�cdod�cd�s( vnprs bwrdfi
f�o fERIwyb Rr w rRlHUwswxUd ldsERy sgws DHwAsR)dr sed h�rsw�bdlawrdc RlCnrrRxRURsb nO RAOdEdAyd- � OHUUb
wHsnlwsRy wAwUbrRr wAz CEnnO PdAdEwsRnA OEwldvnET Rr CEnCnrdz4 rdyHERsb CwEwldsdEr ywA xd CEnzHydz
vRsg wExRsEwERUb gRPg ynA)zdAyd IRw cnAsd,owEUn rRlHUwsRnA OnE wAb xUwyT,xna zwsw CEnydrrRAP nEwyUd-
jgRr wCCdwURAP wHsnlwsRnA CEnCdEsb dAwxUdr wAwUbrRr nO ynlCURywsdz zwsw CEnydrrRAPfi vgdEd sgd vnErs,
ywrd CEnnO RA sgd yUwrrRy CERIwyb EdPRld ynHUz xd Unnrd nE dIdA RAsEwyswxUd- cnEdnIdEfi vd rgnv sgws
sgd CEnzHydz f�o fERIwyb PHwEwAsddr dASnb rRlCUd ynlCnrRsRnA xnHAzr wAz sgd wHsnlwsRy wAwUbrRr
OEwldvnET ywA xd RlCUdldAsdz RA wA nAURAd OwrgRnA sn wAwUbMd sgd ynlCnrRsd f�o fERIwyb Unrr dIdA
HAzdE ynEEdUwsdz EwAznlAdrr- eA sgd HsRURsb rRzdfi sgd lwPARsHzd nO ;AdydrrwEb( CdEsHExwsRnA EdDHREdz
RA f�o fERIwyb Rr �ns UnvdE xnHAzdz xb ]=

√
v( OnE w v,zRldArRnAwU EdUdwrd xHs ynHUz xd d=1( OnE lwAb

CEwysRywU zwsw CEnydrrRAP swrTrfi vgRyg Rr RA ynAsEwrs sn sgd RACHs,RAzdCdAzdAs vnErs,ywrd RAOnElwsRnA,
sgdnEdsRy UnvdE xnHAz- qawlCUd wCCURywsRnAr nO f�o fERIwyb wEd RAyUHzdz vRsg ynlCwERrnAr sn daRrsRAP
vnETr-

wdKs�oyre f�o fERIwyb: �HsnlwsRy idyHERsb fEnnO: O ,pRIdEPdAyd: cHsHwU uAOnElwsRnA: uArswAyd,
xwrdz fnrsdERnE �zIwAswPd: hdynArsEHysRnA twEzAdrr: uAOdEdAyd twEzAdrr: cdlxdErgRC �sswyT-

0 uAGEBMHyGRBA

fERIwyL yBAyNEAF JRGQ RAOBEVwGRBA UNwTwPN OEBV zwGw CEByNFFRAP wEN ENyNRIRAP RAyENwFRAP wGGNAGRBA– exGwRARAP
HFwxUN FNyHERGL JQRyQ CEBIRzNF QRPQ HGRURGLfi UBJ RVCUNVNAGwGRBA BINEQNwz wAz VNwARAPOHU RAGNECENGwGRBAfi RF
yQwUUNAPRAP– jQNBENGRywUULfi GQN HAzNEULRAP CEBxUNV ywA xN zNFyERxNz xL GQN OBUUBJRAP PNANERy VBzNU– �FFHVN
FBVN FNAFRGRIN zwGw n RF CEByNFFNz xL FBVN VNyQwARFV L wAz GQN BHGCHG L˜n¯ RF CHxURFQNz– mN JwAG
GB yQwEwyGNERMNfi PRINAL˜n¯fi QBJ VHyQ RAOBEVwGRBA wA wzINEFwEL ywA RAONE wxBHG n – uA GQN wCCURywGRBAF BO
zwGw wAwULFRF wAz VwyQRAN UNwEARAPfiL˜n¯ yBHUz xN wAL FGwGRFGRyF BE VBzNU UNwEANz OEBVn )0fl: RA NAyELCGRBAfi
L˜n¯ yBHUz xN yRCQNEGNKGF BO n )26fl: RA FRzN yQwAANU wGGwyTFfiL˜n¯ yBHUz xN wAL CQLFRywU FRPAwU BxFNEINz
xL GQN wzINEFwELfi FHyQ wF VNVBEL wyyNFF CwGGNEA )48fl BE ANGJBET GEw3y )1/fl JQNA wyyNFFRAP BE FNAzRAP n –

jB OBEVwURMN wAz DHwAGROL GQN RAOBEVwGRBA UNwTwPNfi w UwEPN AHVxNE BO FNyHERGL VNGERyF QwIN xNNA CEBCBFNz
IwELRAP OEBV GQN CNEONyG FNyENyL )45fl BO iQwAABAfi GB yBVCHGwGRBAwU RAzRFGRAPHRFQwxRURGL )2Úflfi JQRyQ OBEVF GQN
OBHAzwGRBA BO VBzNEA yELCGBPEwCQLfi GB ZRfflNENAGRwU fERIwyL ’Zf? )18fl wAz RGF IwERwAGF xwFNz BA IwERBHF
FGwGRFGRywU zRINEPNAyN VNGERyF )W8flfi wAz VwAL BGQNE zNåARGRBAF xwFNz BA RAOBEVwGRBA]GQNBENGRy DHwAGRGRNFfi
FHyQ wF rRFQNE]RAOBEVwGRBA CERIwyL )21fl–

cBFG NKRFGRAP CERIwyL BE FNyHERGL zNåARGRBAF ’RAyUHzRAP wUU wxBIN]VNAGRBANz NKwVCUNF? wEN EBBGNz RA RA]
zRFGRAPHRFQwxRURGL URTNURQBBzF– jQNL FNG BHG GB DHwAGROL GQN zRfflNENAyN xNGJNNA GQN URTNURQBBzF E˜L˜n¯ ˆ
B{n ˆ n]¯ wAz E˜L˜n¯ ˆ B{n ˆ n |

]¯ OBE zRfflNENAG RACHG FNUNyGRBAF OEBV IwERBHF CNEFCNyGRINF– rBE RAFGwAyNfi

0



CNEONyG FNyENyL ENDHRENF GQwG OBE wExRGEwEL RACHG zwGw n fi GQN zRFGERxHGRBA BOL˜n¯ VHFG xN RzNAGRywU– YELC]
GBPEwCQRy FNyHERGL ENUwKNF GQN FGwGRFGRywU RAzRFGRAPHRFQwxRURGL GB GQwG wAL CBULABVRwU]GRVN wzINEFwEL ywAABG
zRFGRAPHRFQ GQN zRFGERxHGRBAF BOL˜n]¯ wAzL˜n |

]¯ OBE wAL RACHG ywAzRzwGNF n] wAz n |
]– iRVRUwEULfi Zf wAz

RGF IwERwAGF DHwAGROL GQN zRfflNENAyN xNGJNNA L˜n]¯ wAz L˜n |
]¯ OBE wAL GJB wzSwyNAG zwGwFNGF

8 xL FBVN
zRINEPNAyN OHAyGRBA C

√

dC˜n+¯!dC˜n′
+¯

(

– rBE NKwVCUNfi yUwFFRy ǫ]Zf )18fl RF xwFNz BA VwKRVwU zRINEPNAyN
C∞˜dC˜n+¯!dC˜n′

+¯
¯ ˆ rsoB TnP

√

E˜L˜n]¯ ˆ B¯.E˜L˜n |
]¯ ˆ B¯

(

–
jQN RAGNENFGNz ENwzNE VwL JBAzNE RO GQNEN RF wA RAGHRGRIN CERIwyL RAGNECENGwGRBA BO GQN URVRGNz URTNURQBBz

zRfflNENAyNú uA CwEGRyHUwEfi ywA URTNURQBBz RAzRFGRAPHRFQwxRURGL GNUU HF PRINAL˜n¯fi QBJ VHyQ BO GQN FNAFRGRIN
zwGw n wA wzINEFwEL ywA ENyBINEú kAOBEGHAwGNULfi ABAN BO wxBIN]VNAGRBANz zNåARGRBAF ywA zRENyGUL wAFJNE
GQRF DHNFGRBA– jQRF RF ABG xNywHFN GQBFN VNGERyF wEN RAyBVCUNGN xHG xNywHFN wzzRGRBAwU wFFHVCGRBAF VHFG xN
VwzN– uA PNANEwUfi GB DHwAGROL ENyBAFGEHyGRBA QwEzANFFfi JN QwIN GB FCNyROL GQN wzINEFwEL&F CERBE TABJUNzPN
wAz GQN ’yBAzRGRBAwU? NAGEBCL BO BxSNyGRIN n – uA GQN NKGENVN ywFN JQNEN GQN wzINEFwEL wUENwzL QwF GQN
OHUU TABJUNzPN BO n fi BE JQNEN n RF FRVCUL w CHxURy yBAFGwAGfi GQNA AB VwGGNE JQwG TRAz BO VNyQwARFVL
RF wCCURNz GB NAyBzN n fi GQN wzINEFwEL ywA CNEONyGUL ENyBINE RGfi ENPwEzUNFF BO L˜n¯– jQHFfi GgN URTNURgBBz
zRffiNqNAyN BAUL CwqGRwUUL ywCGHqNF GgN ygwAPNF GB GgN wzINqFwqL;F xNURNO Bq GgN wzzRGRBAwU RAOBqVwGRBA qNPwqzRAP
n wOGNq BxFNqIRAP L˜n¯-

YBVCwENz GB GQN NKGNAFRIN FGHzRNF wUBAP GQN URAN BO ’RA?zRFGRAPHRFQwxRURGLfi OBEVwU yQwEwyGNERMwGRBA BO
ENyBAFGEHyGRBA QwEzANFF RF w UBAP]FGwAzRAPfi yQwUUNAPRAP CEBxUNV– jQN NFGRVwGRBA BO GQN CERBEF ENPwEzRAP
FNAFRGRIN zwGw n wAz ENFHUGwAG BHGCHG zRFGERxHGRBA BOL˜n¯ yBHUz wUENwzL xN RAGEwyGwxUN - GQRF RF NFCNyRwUUL
URTNUL RA GQN QRPQ]zRVNAFRBAwU FyNAwERB– jQHFfi wF VNAGRBANz xNOBENfi VBFG FNyHERGLéCERIwyL zNåARGRBAF BAUL
OByHF BA GQN URTNURQBBz zRINEPNAyN wAz wIBRz yBVCURywGNzfi FHyQ wF XwLNFRwAfi wAwULFRF GB CEBCNEUL DHwAGROL GQN
CBFGNERBE RAONENAyN QwEzANFF– �F w yBAFNDHNAyNfi GB VwTN w VNwARAPOHU PHwEwAGNNfi VBFG yUwFFRy zNåARGRBAF GENwG
GQN FNAFRGRIN RACHG zNGNqVRARFGRywUUL wAz yBAFRzNE GQN wzINEFwERwU JBEFG]ywFNfi R–N–fi GQN VwKRVwU zRFGERxHGRBA
zRINEPNAyN xNGJNNA L˜n]¯ wAz L˜n |

]¯ OBE GJB wExRGEwEL RACHG ywAzRzwGNF n] wAz n |
]– iHyQ JBEFG]ywFN

RAzRFGRAPHRFQwxRURGL RF w INEL FGEBAP PHwEwAGNN FRAyN RG RF RAzNCNAzNAG BO wAL CwEGRyHUwE RACHG zRFGERxHGRBAfi
xHG RF wUFB NKCNAFRINfi NFCNyRwUUL OBE FGwGRFGRywU zwGw CEByNFFRAP– �G w QRPQ UNINUfi GQNEN wEN GJB TNL BxFGwyUNF
RA GQN wCCURywGRBA BO FHyQ RAzRFGRAPHRFQwxRURGL VNwFHENVNAG#

’w? �zIdEFwERwU mnEFGfiywFd fEnnO RF twEz# uG RFfi RA PNANEwUfi ABA]GERIRwU GB GRPQGUL BE wAwULGRywUUL
yQwEwyGNERMN GQN JBEFG ywFN wAz CERIwGRMN wA ’wzwCGRINUL]RGNEwGRIN? wUPBERGQV GB NAFHEN FwGRFåNz BHGCHG
zRINEPNAyN– rBE NKwVCUNfi RA Zffi ywUyHUwGRBA BO GQN FNAFRGRIRGLfi GQN VwKRVwU CBFFRxUN yQwAPN BA GQN
BHGCHG xL ENCUwyRAP w FRAPUN zwGwCBRAGfi RFfi RA PNANEwUfi df]QwEz )55fl– qINA RA yBVVBA wCCURywGRBAF FHyQ
wF GB zRfflNENAGRwUUL CERIwGNUL GEwRA w ANHEwU ANGJBETfi GQN GRPQG FNAFRGRIRGL xBHAz BO iGByQwFGRy sEwzRNAG
ZNFyNAG ’isZ? ENVwRAF BCNA– jQN BAUL TABJA PNANERy CERIwGRMwGRBA wCCEBwyQfi Zf]isZfi ENFGERyGF
GQN FNAFRGRIRGL HFRAP yURCCNzéABEVwURMNz CNE]FwVCUN PEwzRNAGfi wAz wzzF ABRFN FGNC xL FGNC GB zNERIN
wA HCCNE xBHAz RA w yBVCBFRGRBAwU OwFQRBA )0fl– tBJNINEfi GQN GRPQG yBVCBFRGRBA xBHAz ywUyHUwGRBA RF
wUFB TABJA GB xN 9f QwEz )40fl– jQBHPQ VwAL NfflBEGF QwIN xNNA zNIBGNz GB BxGwRARAP N3yRNAG wAz
GRPQGNE yBVCBFRGRBA )W8flfi GQN wCCURywGRBAF BO Zf]isZ RA VBzNEA zNNC UNwEARAPfi wAz UwEPN]FywUN CERIwGN
zwGwxwFN DHNERNF FGRUU NAyBHAGNE FNINEN HGRURGL yBVCEBVRFN– jQNENOBENfi wA wHGBVwGRy wAz HFwxUN CERIwyL
wAwULFRF OEwVNJBET OBE wExRGEwEL zwGw CEByNFFRAP RF zNFREwxUN–

’x? pwGw DAGEnCL cwGGdEF RA hdynAFGEHyGRnA# hNyBAFGEHyGRBA ’BE RAONENAyN? BO zwGw RFfi RA PNANEwUfi w
QwEzNE CEBxUNV OBE wA wzINEFwEL GQwA FRVCUL zRFGRAPHRFQRAP )28fl– tBJNINEfi JBEFG]ywFN RAzRFGRAPHRFQw]
xRURGL ywAABG ywCGHEN GQN zwGw NAGEBCL– mN PRIN w FRVCUN NKwVCUN– � zwGwFNG n ˆ ·a0,a1, . . . ,a�| RF
PNANEwGNz wF R–R–z– FwVCUNF OEBV FBVN swHFFRwA zRFGERxHGRBA wAz JN FRVCUL CHxURFQ RGF NVCRERywU wINE]
wPNfi R–N–fiL˜n¯ ˆ 0.A · ˜√�

Qˆ0 aQ¯– qINA JRGQBHG wAL OHEGQNE BxOHFywGRBA BAL˜n¯ URTN CNEGHExwGRBAfi
RAGHRGRINULfi JN FNN FBVN CBGNAGRwU QwEzANFF GB ENyBAFGEHyG n OEBV RGF wINEwPNL˜n¯– rBE wA wzINEFwEL
JQB BAUL TABJF GQN zwGw zRFGERxHGRBAfi RG RF RVCBFFRxUN GB CNEONyGUL ENyBAFGEHyG n zNGNEVRARFGRywUUL zHN
GB wVxRPHRGL– XHG GQN zwGw UNwTwPN BO GQRF GERIRwU wPPENPwGRBA ywAABG xN CEBCNEUL wAwULMNz OEBV w
zRFGRAPHRFQwxRURGL wAPUNfi FRAyN BAN ywA wUJwLF zNGNEVRAN GQN GEHN RACHG OEBV GJB zwGwFNGF JQBFN VNwAF
wEN zRfflNENAG– tBJNINEfi RA CEwyGRywU CEByNFFRAP NINA OBE w PRINA zwGw CBBUfi VwAL TRAzF BO EwAzBVANFF

8tdEdfi vd rwL n= wAz n�

=
wEd wziwydAG Re GgdL BAkL zRffidE RA BAd zwGwCBRAGfi R-d-fi GgdRE twllRAP zRrGwAyd Rr )-
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ywA NAOBEyN zwGw GB xN CEByNFFNz GB NASBL NAGEBCLfi OBE NKwVCUNfi FHxFwVCURAP BE zwGw wHPVNAGwGRBA
)4Úflfi JQNEN GQN CwEGRyRCwAGF wEN EwAzBVRMNz– jQNENOBENfi w VBEN PNANERy FNyHERGLéCERIwyL zNåARGRBAfi
JQRyQ NAwxUNF RAFGwAyN]xwFNz wAwULFRF RA GNEVF BO xBGQ zwGw CERBEF wAz FCNyRåy RAONENAyN BxSNyGRINfi RF
wGGEwyGRIN–

uA GQRF CwCNEfi JN GwyTUN GQN OHAzwVNAGwU CEBxUNV BO DHwAGROLRAP GQN ENUwGRBAFQRC wVBAP zwGw NAGEBCLfi
zRFyUBFHENfi wAz ENyBAFGEHyGRBA QwEzANFF– XNFRzNF w VBEN VNwARAPOHU RAGNECENGwGRBA IRw RAONENAyN RVCBFFRxRURGLfi
GB wzzENFF GQN wxBIN GJB VNAGRBANz yQwUUNAPNF RA yUwFFRy FNyHERGLéCERIwyL ENPRVNFfi JN JwAG w VBEN PNANERy
zNåARGRBAfi JQRyQ NAwxUNF ’w? wHGBVwGRy FNyHERGL CEBBOfi wAz ’x? RAFGwAyN]xwFNz JBEFG]ywFN wAwULFRF– jB GQRF
NAzfi w ANJ CERIwyL zNåARGRBAfi GNEVNz fEBxwxUL �CCEBKRVwGNUL YBEENyG ’f�Y? fERIwyLfi RF CEBCBFNzfi JQRyQ
NAwxUNF w HFNE GB TNNC GEwyT BO GQN zwGw UNwTwPN BO wA wExRGEwEL ’xUwyT]xBK? CEByNFFRAP VNyQwARFV JRGQ
yBAåzNAyNfi IRw FRVHUwGRBA– �G w QRPQ UNINUfi ˜>, ρ,�¯ f�Y fERIwyL yQwEwyGNERMNF GQN OBUUBJRAP ENyBAFGEHyGRBA
QwEzANFF#

rBq FBVN FNAFRGRIN zwGw n zRFGqRxHGNz RA � wAz w VNygwARFV Lfi PRINA L˜n¯fi GgNqN zBNF ABG NKRFG wA
wzINqFwqL ˜CBFFRxUL yBVCHGwGRBAwUUL]HAxBHAzNz¯ vgB ywA FHyyNFFOHUUL qNGHqA =n FHyg GgwG ρ˜ =n,n¯ ˆ 0 HAzNq
VNwFHqN OHAyGRBA ρ vRGg CqBxwxRURGL wG UNwFG ˜0− >¯-

mN HFN GQN ABGRBA ’f�o5 wF JN xBEEBJ GQN RzNw BO JNUU]TABJA f�Y UNwEARAP GQNBEL )52fl wAz zNFyERxN GQN
wzINEFwEL&F ENyBAFGEHyGRBAéRAONENAyN GwFT wF w PNANERy UNwEARAP CEBxUNV– jQN zRfflNENAyN yBVCwENz GB yUwFFRy
UNwEARAP GQNBEL RF GQwG JN FGHzL RVCBFFRxRURGL ENFHUGF– jQN ρ˜·, ·¯ ywCGHENF wA wExRGEwEL RAONENAyN GwFT BO
RAGNENFG wAz ρ˜ =n,n¯ ˆ 0 RO wAz BAUL RO wzINEFwEL&F RAONENAyN =n FwGRFåNF GQN ENyBAFGEHyGRBA yERGNERBA– rBE
NKwVCUNfi RO JN FNG BHG GB CENINAG GQN wzINEFwEL OEBV ENyBINERAP w FRAPUN zRPRGwU xRG BO zwGw n fi GQNA JN VwL
FNUNyG ρ FHyQ GQwG ρ˜ =n,n¯ ENGHEAF 0 BAUL JQNA =n wAz n yBUURzN RA wG UNwFG BAN yBBEzRAwGN– cBEN zRFyHFFRBAF
ywA xN OBHAz xNUBJ ZNåARGRBA 0–

eHE CENFNAGNz f�Y fERIwyL OEwVNJBET QwF GQN OBUUBJRAP wCCNwURAP CEBCNEGRNF wAz RVCBEGwAG RVCURywGRBAF#

0– mRzd �CCURywxRURGL# jQN f�Y fERIwyL OEwVNJBET CENFNAGNz ywA GQNBENGRywUUL xN HFNz GB wAwULMN
wAL zwGw CEByNFFRAP– lRw O ]zRINEPNAyNfi JN CENFNAG w FRVCUN DHwAGRåywGRBA BO GQN CBFGNERBE wzIwAGwPN
GQwG GQN wzINEFwEL PwRAF xL BxFNEIRAP GQN zRFyUBFHEN L˜n¯ OBE wExRGEwEL RAONENAyN CEBxUNVF– jQHFfi
f�Y fERIwyL ywA yQwEwyGNERMN INEL PNANERy ENyBAFGEHyGRBAéRAONENAyN QwEzANFF HAzNE wAL FNUNyGRBA BO GQN
VNwFHEN OHAyGRBA ρfi JQRyQ ywCGHENF yUwFFRy wGGwyTF FHyQ wF VNVxNEFQRC RAONENAyN wAz RzNAGRåywGRBA–
jQEBHPQ RAFGwAyN]xwFNz ’swHFFRwA? CNEGHExwGRBAfi JN FQBJ QBJ GB N3yRNAGUL yBAGEBU f�Y fERIwyL
CwEwVNGNEF– uA yBAGEwFG GB GQN wzINEFwERwU JBEFG]ywFNfi GQN ABRFN VwPARGHzN RA f�Y fERIwyL zBNF ABG
ANyNFFwERUL FywUN JRGQ zRVNAFRBAwURGL xHG ywA xN e˜0¯ RA QRPQ]zRVNAFRBAwU ENUNwFN–

1– �HGnlwGRy fERIwyL �AwULFRF# jB BHE TABJUNzPNfi f�Y fERIwyL RF GQN åEFG ABA]GERIRwU wHGBVwGRy
FNyHERGL zNåARGRBA– jQNBENGRywUULfi AB JBEFG]ywFN CEBBO RF ANNzNz xHG BAN ywA zNGNEVRAN w CNEGHExwGRBA
VNyQwARFV ’RO ANyNFFwEL? OHUUL wHGBVwGRywUUL RA CBULABVRwU GRVN GB NAFHEN zNFRENz FNyHERGL CwEwVNGNEF
JRGQ wExRGEwERUL QRPQ yBAåzNAyN– cBEN RVCBEGwAGULfi GQRF HARINEFwU OEwVNJBET BAUL ENDHRENF FH3yRNAG
cBAGN]YwEUB FRVHUwGRBAF JQRUN GQN HAzNEULRAP zwGw CEByNFFRAP VNyQwARFV yBHUz xN w xUwyT]xBK BEwyUN -
AB wUPBERGQVRy wAwULFRF RF ENDHRENz– jQRF RF INEL zRfflNENAG OEBV yUwFFRy zNåARGRBAF FHyQ wF yELCGBPEwCQL
wAz Zffi JQNEN GQN TNL yQwUUNAPN RF GB zNERIN GQN wUPBERGQVRy JBEFG]ywFN CEBBO–

2– onAAdyGRnAF Gn Ggd uACHGfiuAzdCdAzdAG mnEFG owFd wAz sdAdEwURMwGRnA DEEnE# mN wUFB yBA]
ANyG f�Y fERIwyLfi Zf wAz PNANEwURMwGRBA NEEBE– sRINA wFFHVCGRBAF BA CERBEFfi JN FQBJ Zf ywA CEBzHyN
f�Y fERIwyLfi wAz f�Y fERIwyL ywA GQNA CEBIRzN w PNANEwURMwGRBA NEEBE PHwEwAGNNfi JQRUN GQN ENINEFN
zRENyGRBAfi RA PNANEwUfi zBNF ABG QBUz– tBJNINEfi RA CEwyGRywU zwGw wCCURywGRBAFfi f�Y fERIwyL yBHUz xERAP
FRPARåywAG ’NVCRERywU? CNEGHExwGRBA RVCEBINVNAGfi wAz ywA yQwEwyGNERMN GQN BCGRVwU RAFGwAyN]xwFNz CNE]
GHExwGRBA ENDHRENz– mN FQBJ yBAyENGN NKwVCUNF RA CERIwGN ENUNwFN BO UBywU FwVCUNFfi VNwA NFGRVwGRBA
wAz zNNC UNwEARAP VBzNUF– jQBHPQ GQN GBBUF JN wCCUL GB zNINUBC GQN OBHAzwGRBA BO f�Y fERIwyL RAyUHzN
O ]zRINEPNAyN wAz VHGHwU RAOBEVwGRBAfi JN FGENFF GQwG f�Y fERIwyL RF ABG zNåANz HFRAP wAL NKRFGRAP
RAOBEVwGRBA]GQNBENGRywU VNGERy BE FGwGRFGRywU zRINEPNAyNfi xHG xL GQN RVCBFFRxRURGL BO RAONENAyN zNFyERxNz
wxBIN– jQNENOBENfi f�Y fERIwyL NASBLF w INEL FGEwRPQGOBEJwEz RAGNECENGwGRBA– cBEN zRFyHFFRBA ywA xN
OBHAz RA iNyGRBA 6–
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fwCdE eEPwARMwGRnA# �G w QRPQ UNINUfi GQN CwCNE QwF GJB CwEGFfi R–N–fi GQN zNåARGRBA BO f�Y fERIwyL wAz
GQN yBAGEBU BO FNyHERGL CwEwVNGNEF IRw wHGBVwGRy wAwULFRF– uA iNyGRBA 1fi JN OBEVwUUL CENFNAG GQN zNåARGRBAF
wAz RAGNECENGwGRBAF BO f�Y fERIwyL– uA iNyGRBA 2fi JN FQBJ PNANERy xBHAzF BO f�Y fERIwyL CwEwVNGNEF
HFRAP O ]zRINEPNAyN wAz VHGHwU RAOBEVwGRBA RA IwERBHF FNGHCF– mRGQ GQNFN xBHAzFfi JN VBIN BA GB CENFNAG
wHGBVwGRy wUPBERGQVF GB zNGNEVRAN CEBCNE CNEGHExwGRBA ’RO ANyNFFwEL? GB CEBzHyN zNFRENz f�Y fERIwyL– uA
iNyGRBA W–0fi JN CENFNAG GQN VNGQBzF OBE zNGNEVRARFGRy zwGw CEByNFFRAPfi wAz RA iNyGRBA W–1fi JN FGHzL GQN
ywFN BO EwAzBVRMNz VNyQwARFVF– uA iNyGRBA W–2fi JN zRFyHFF QBJ GB wCCEBKRVwGN GQN BCGRVwU CNEGHExwGRBA RA
PNANEwU– uA iNyGRBA 4fi JN FGHzL GQN yBVCBFRGRBA BO f�Y fERIwyL RA IwERBHF FNGHCF– uA iNyGRBA 5fi JN CEByNNz
GB FGHzL wAz yBVCwEN GQN wzINEFwERwU wAz RAFGwAyN]xwFNz JBEFG ywFN– fEwyGRywU wCCURywGRBAF BO f�Y fERIwyL
wEN RAyUHzNz– mN FHVVwERMN ENUwGNz JBETF RA iNyGRBA 6fi JQNEN JN wUFB zRFyHFF GQN ENUwGRBAFQRC xNGJNNA f�Y
fERIwyLfi ZRfflNENAGRwU fERIwyL wAz PNANEwURMwGRBA NEEBE– rRAwUULfi JN yBAyUHzN RA iNyGRBA Ú– jQN PNANEwURMwGRBA
GB UBywU f�Y fERIwyL IRw FNyHEN RVCUNVNAGwGRBA BO wHGBVwGRy CERIwyL wAwULFRF RA w zNyNAGEwURMNz FNGHC ywA
xN OBHAz RA GQN OHUU INEFRBA–

1 f�o fERIwyL

mN wFFHVN NwyQ CERIwGN zwGwCBRAG a RF zNåANz BINE FBVN zBVwRA � fi wAz GQN zwGwFNG n ∈ � W– eHE PBwU RF
GB OBEVwURMN GQN CERIwyL UNwTwPN OEBV w zwGw CEByNFFRAP VNyQwARFVLfi JQNENL # � W → B ⊂ P

z– XBGQ �
wAz B wEN VNwFHEwxUN FCwyNF– jQN zwGw zRFGERxHGRBA � RF zNåANz BINE � W– L ywA xN NRGQNE zNGNEVRARFGRy
BE EwAzBVRMNz– ZRfflNENAG wAwULFNF JRUU xN CEBIRzNz UwGNE OBE GQNFN GJB ywFNF– jQN OBEVwU zNåARGRBA BO f�Y
fERIwyL RF wF OBUUBJF–

pd)ARGRnA 0 ’˜>, ρ,�¯ f�Y fERIwyL?- rBq w zwGw CqByNFFRAP VNygwARFV Lfi PRINA FBVN zwGw zRFGqRxHGRBA
�fi wAz w VNwFHqN OHAyGRBA ρ˜·, ·¯fi vN FwL L FwGRF[NF ˜>, ρ,�¯]f�o fqRIwyL RO GgN OBUUBvRAP NKCNqRVNAG RF
RVCBFFRxUN7

� HFNq PNANqwGNF zwGw n OqBV zRFGqRxHGRBA � wAz FNAzF L˜n¯ GB wA wzINqFwqL- jgN wzINqFwqL vgB
TABvF � wAz L RF wFTNz GB qNGHqA wA NFGRVwGRBA =n ∈ � W BA n FHyg GgwG vRGg CqBxwxRURGL wG UNwFG ˜0 − >¯fi
ρ˜ =n ,n¯ ˆ 0-

uA ZNåARGRBA 0fi JN wzBCG w JwL GB zNFyERxN GQN ENyBAFGEHyGRBA QwEzANFF wF w PwVN xNGJNNA GQN HFNE wAz
GQN wzINEFwEL– jQN wzINEFwEL FNGF BHG GB UNwEA FBVNGQRAP OEBV GQN zRFyUBFHENL˜n¯– jQN VNwFHEN OHAyGRBA
’BA GQN wzINEFwEL&F UNwEARAP CNEOBEVwAyN? ρ˜·, ·¯ ywA xN wExRGEwERUL FNUNyGNz wyyBEzRAP GB GQN wzINEFwERwU
RAONENAyN GwFT BO RAGNENFG– rBE NKwVCUNfi � ⊂ P

z′ OBE FBVN zRVNAFRBA z| wAz w FwON ENyBAFGEHyGRBA NEEBE RF
FNG GB xN ǫ RA GQN U1 ABEV– jQNAfi JN ywA zNåAN ρ˜ =n ,n¯ ˆ 0 RO wAz BAUL RO ! =n −n!1 \ ǫ wAz ZNåARGRBA 0
FHPPNFGF RG RF RVCBFFRxUN OBE wA wzINEFwEL GB ENyBINE CERIwGN zwGw n JRGQRA ǫ NEEBE JRGQ CEBxwxRURGL wG UNwFG
˜0 − >¯– �ABGQNE NKwVCUNfi � W RF FBVN åARGN FNG wAz n ∈ � W yBAGwRAF A NUNVNAGF– iRVRUwEULfi JN zNåAN
ρ˜ =n ,n¯ ˆ 0 Rffl #˜ =n }n¯ > ˜A− ǫ¯– jQNAfi ZNåARGRBA 0 RVCURNF GQwG GQNEN zBNF ABG NKRFG wA wzINEFwEL JQB
ywA RzNAGROL VBEN GQwA ˜A− ǫ¯ NUNVNAGFéCwEGRyRCwAGF BO n OEBV � W JRGQ CEBxwxRURGL wG UNwFG ˜0 − >¯– �F w
ENVwETfi w ANwG NKCENFFRBA BO ρ RF ABG RVCBEGwAG BE NINA ANyNFFwEL RA f�Y fERIwyL wAz JN FRVCUL HFN ρ GB
RAzRywGN JQNGQNE GQN wzINEFwEL&F ENyBAFGEHyGRBA FwGRFåNF w yNEGwRA yERGNERBA–

uG RF JBEGQJQRUN GB VNAGRBA GQwG RA ZNåARGRBA 0 wAz ENFHUGF CENFNAGNz UwGNEfi JN zB ABG CHG wAL FCNyRåy
ENFGERyGRBAF BA � BE GQN wzINEFwEL&F FGEwGNPL– � yBHUz xN w PNANERy SBRAG zRFGERxHGRBA BO zwGwCBRAGF PNANEwGNzfi
GQBHPQ JRGQ wzzRGRBAwU wFFHVCGRBAF JN VwL BxGwRA GRPQGNE xBHAzF ’FHyQ wF jQNBENV 1?– XNOBEN CEByNNzRAPfi
JN wHPVNAG GQN zNåARGRBA BO f�Y fERIwyL GB RAyBECBEwGN ’RAFGwAyN]xwFNz? wzzRGRBAwU CBFGNqRBq wzIwAGwPNfi
yBVVBAUL wzBCGNz RA yUwFFRy CERIwyL zNåARGRBAF– jQwG RFfi OBE wAL FCNyRåy CERBEF PRINAfi JN FNG BHG GB DHwAGROL
QBJ VHyQ GQN zRFyUBFHEN BO L˜n¯ ywA QNUC GQN wzINEFwEL GB RVCUNVNAG FHyyNFFOHU RAONENAyN– jB VNwFHEN
FHyQ wzIwAGwPNfi JN åEFG OBEVwUUL RAGEBzHyN GQN zNåARGRBA BO O ]zRINEPNAyN–

pd)ARGRnA 1 ’O ]ZRINEPNAyN?- bNG O # ˜0,+∞¯ → P xN w yBAINK OHAyGRBA vRGg O˜0¯ ˆ 0- bNG d wAz P xN GvB
zRFGqRxHGRBAF BA FBVN VNwFHqwxUN FCwyNfi wAz GgN O ]zRINqPNAyN Ce xNGvNNA d wAz P RF zN[ANz wF

Ce ˜d!P¯ #̂ Zf

�

O˜
zd

zP
¯
]

.

W



tNqNfi vN HFN zd ˜zP¯ GB qNCqNFNAG GgN CqBxwxRURGL zNAFRGL ˜Bq VwFF¯ OHAyGRBA BO GgN yBAGRAHBHF ˜Bq zRFyqNGN¯
CqBxwxRURGL zRFGqRxHGRBA d ˜P¯-

uA ZNåARGRBA 1fi JQNA JN FNUNyG O˜a¯ ˆ a TnP˜a¯fi RG xNyBVNF GQN aHUUxwyT]bNRxUNE ’ab? zRINEPNAyN: JQNA
JN FNUNyG O˜a¯ ˆ 0

1 {a−0{fi RG xNyBVNF GQN GBGwU IwERwGRBAfi JQNEN Cjl ˜d!P¯ ˆ 0
1 ·

)

{zd−zP{– uA GQN OBUUBJRAPfi
JN zNåAN ˜0− >ρB¯ wF GQN BCGRVwU w CqRBqR yQwAyN GQwG wA wzINEFwEL JQB BAUL TABJF GQN zwGw zRFGERxHGRBA �
ywA yBVCUNGN GQN BxSNyGRIN ENyBAFGEHyGRBA GwFT xNOBqN BxFNEIRAP GQN ENUNwFNL˜n¯–

pd)ARGRnA 2 ’eCGRVwU fERBE iHyyNFF hwGN?- rBq PRINA VNwFHqN ρ wAz zwGw zRFGqRxHGRBA Cfi vN zN[AN ˜0−>ρB¯
wF

0− >ρB #̂ rso
=n∈� M

fp
n∼�

√

ρ˜ =n,n¯ ˆ 0
(

,

vgRyg qNCqNFNAGF GgN BCGRVwU w CqRBqR FHyyNFF qwGN BAUL xwFNz BA wzINqFwqL;F CqRBq TABvUNzPN BA � GB qNyBINq
n FHyg GgwG GgN qNyBAFGqHyGRBA FwGRF[NF GgN yqRGNqRBA zN[ANz xL ρ-

pd)ARGRnA W ’˜9e>, ρ,�¯ f�Y �zIwAGwPN fERIwyL?- � VNygwARFVL RF GNqVNz ˜9e>, ρ,�¯ f�o]wzIwAGwPN
CqRIwGN RO RG RF ˜>, ρ,�¯ f�o CqRIwGN wAz

9e> #̂ Ce ˜0δ!0δρX ¯ ˆ >ρBO˜
>

>ρB
¯+ ˜0 − >ρB¯O˜

0− >
0− >ρB

¯.

tNqNfi 0δ wAz 0δρX qNCqNFNAG GvB nNqABHUUR zRFGqRxHGRBAF BO CwqwVNGNqF > wAz >
ρ
B fi qNFCNyGRINUL-

uA ZNåARGRBA Wfi 9e> ywCGHENF GQN wzzRGRBAwU ’CBFGNERBE? wzIwAGwPN PwRANz xL GQN wzINEFwEL wOGNE BxFNEIRAP
L˜n¯– mQNA JN FNUNyG Ce GB xN GBGwU IwERwGRBAfi 9jl > FRVCUL xNyBVNF GQN zRfflNENAyN >ρB − >fi wF yBVVBAUL
HFNz RA yUwFFRy yELCGBPEwCQRy wAwULFRF– �yyBEzRAPULfi BAyN JN QwIN wA HCCNE xBHAz BA >ρB − >fi CUHPPRAP RA >ρB
CEBIRzNF w UBJNE xBHAz BA GQN CBFGNERBE OwRUHEN EwGN >–

jQN FNNVRAPUL wEGRåyRwU wFCNyG BO ZNåARGRBA W RA HFRAP O ]zRINEPNAyN wF GQN VNwFHEN RF VBGRIwGNz xL
jQNBENV 0fi JQNEN JN PRIN PNANERy HCCNE xBHAzF BA 9e >– uA CwEGRyHUwEfi JQNA Ce RF FNUNyGNz GB xN ab]
zRINEPNAyNfi JN ywA FRVCUL xBHAz 9ab> IRw VHGHwU RAOBEVwGRBA– uA wzzRGRBAfi RG RF ABG QwEz GB FNN GQwG
JQNA L FwGRFåNF CNEONyG FNyENyLfi 9e> RF 0 OBE wAL O – XNOBEN GQN NAz BO GQRF FNyGRBAfi JN QwIN GQN OBUUBJRAP
RVCBEGwAG ENVwETF BA f�Y fERIwyL–
hdynAFGEHyGRnA cdGERy idUdyGRnA# ZNåARGRBAF 0 wAz W CEBIRzN w HARåNz OEwVNJBET GB ywCGHEN PNANERy
RAONENAyN QwEzANFF– cNVxNEFQRC wAz RzNAGRåywGRBA wGGwyTF wEN ABJ FCNyRwU ywFNF xL FNUNyGRAP w FCNyRåy zwGw
PNANEwGRBA wAz w FCNyRåy VNwFHEN ρ–

pd)ARGRnA 4 ’˜>, ρ,Q,�¯ f�Y cNVxNEFQRC fERIwyL?- rBq w zwGw CqByNFFRAP VNygwARFV Lfi PRINA FBVN
VNwFHqN ρ wAz w zwGw FNG Q ˆ ˜H0,H1, . . . ,Hd ¯fi vN FwL L FwGRF[NF ˜>, ρ,Q,�¯]f�o cNVxNqFgRC fqRIwyL RO
GgN OBUUBvRAP NKCNqRVNAG RF RVCBFFRxUN7

� HFNq wCCURNF yNqGwRA FwVCURAP ˜zNFyqRxNz xL �¯ BA Q GB PNANqwGN w zwGwFNG n ∼ �fi wAz FNAzF L˜n¯
GB wA wzINqFwqL- jgN wzINqFwqL vgB TABvF Q,� wAzL RF wFTNz GB qNGHqA wA d ]zRVNAFRBAwU xRAwqL INyGBq
=0P ˆ

√

=0t0 , . . . , =0td
(

GB CqNzRyG GgN CwqGRyRCwGRBA BO Nwyg HQfi zNABGN xL 0P ˆ
√

0t0 , . . . ,0td
(

fi vgNqN 0tN RF wA

RAzRywGBq GB qNCqNFNAG GgN CwqGRyRCwGRBA BO HQfi FHyg GgwG vRGg CqBxwxRURGL wG UNwFG ˜0− >¯fi ρ˜=0P,0P¯ ˆ 0-

eAN ywA RVwPRAN GQN zRFGERxHGRBA � yBHUz xN fBRFFBA ’R–R–z–? FwVCURAP BE EwAzBV FwVCURAP JRGQ’BHG?
ENCUwyNVNAG OEBV Q– rEBV w Zf wAPUNfi FHyQ CERIwyL wVCURåywGRBA OEBV FwVCURAP QwF xNNA FGHzRNz RA )Wflfi )54fl–
f�Y cNVxNEFQRC fERIwyL RF w INEL RVCBEGwAG IwERwAG BO f�Y fERIwyL RA CEwyGRywU wCCURywGRBAFfi JQRyQ ywA
PRIN w OBEVwU FNyHERGL CEBBO wPwRAFG GQN JNUU]TABJA wAz OHAzwVNAGwU VNVxNqFgRC RAONqNAyN wGGwyT CEBxUNV
)46fl–

mN VwL yBAFRzNE GQN yUwFFRy FGwGRFGRywU DHNEL VBzNUfi JQNEN GQNEN RF FBVN FNAFRGRIN zwGw FNG Qfi OBE NKwVCUNfi
VNzRywU ENyBEzF BO d CwGRNAGFfi QNUz xL w FNEINE– jQN FNEINE RF wFTNz GB wAFJNE FBVN DHNELfi NKCENFFNz wF
zRFyUBFRAP GQN ENFHUGF BO L– jQN FNEINE EwAzBVUL FwVCUNF w FHxFNG n BO NUNVNAGF OEBV Q: OBE NKwVCUNfi
NwyQ zwGwCBRAG RA Q JRUU xN RAzNCNAzNAGUL FNUNyGNz JRGQ CEBxwxRURGL 0.2fi GB CwEGRyRCwGN RA GQN yBVCHGwGRBA
BOL˜n¯– uO JN FNUNyG ρ˜=0P,0P¯ ˆ 0 BAUL JQNA =0P wAz 0P yBUURzN RA wG UNwFG BAN NAGELfi GQNA ˜>, ρ,Q,�¯]f�Y
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cNVxNEFQRC fERIwyL FHPPNFGF GQwG NINA RO GgN wzINqFwqL wUqNwzL TABvF GgN vgBUN zwGw CBBU Qfi gN FGRUU ywAABG
FHyyNFFOHUUL RAONq wAL CwqGRyRCwAGF RA GgN CqByNFFRAP VNygwARFV L– uA BGQNE JBEzFfi f�Y cNVxNEFQRC
fERIwyL DHwAGRåNF GQN qRFT RAyHEENz xL wAL PEBHC BO CNEFBAF JQB wUUBJ GQNRE zwGw GB xN CEByNFFNz GQEBHPQ
L–

uOfi BA GQN BGQNE QwAzfi BHE CERIwyL yBAyNEA CNEGwRAF GB RAzRIRzHwUFfi JN FRVCUL yBAFRzNE GQN ENyBAFGEHyGRBA
QwEzANFF BO NwyQ FRAPUN zwGwCBRAG RA GQN FNG n fi wAz FRVRUwEUL zNåAN f�Y uAzRIRzHwU fERIwyL wF OBUUBJF–

pd)ARGRnA 5 ’˜>, ρ,A,�¯ f�Y uAzRIRzHwU fERIwyL?- rBq w zwGw CqByNFFRAP VNygwARFV Lfi PRINA FBVN zwGw
zRFGqRxHGRBA �fi GgN GBGwU AHVxNq A BO zwGwCBRAGFfi w VNwFHqN ρ˜·, ·¯fi vN FwLL FwGRF[NF ˜>, ρ,A,�¯]f�o uAzR]
IRzHwU fqRIwyL RO OBq wAL h ∈ )0 # A+ GgN OBUUBvRAP NKCNqRVNAG RF RVCBFFRxUN7

� HFNq PNANqwGNF zwGw n ˆ ˜a0,a1, . . . ,a�¯ OqBV zRFGqRxHGRBA � wAz FNAzF L˜n¯ GB wA wzINqFwqL- jgN
wzINqFwqL vgB TABvF � wAzL RF wFTNz GB qNGHqA wA NFGRVwGRBA =aQ BA aQ FHyg GgwG vRGg CqBxwxRURGL wG UNwFG
˜0− >¯fi ρ˜=aQ,aQ¯ ˆ 0-

uO GQN RACHG zBVwRA � RF FBVN åARGN FNG wAz JN JwAG GB VNwFHEN QBJ QwEz RG RF OBE wA wzINEFwEL GB RzNAGROL
GQN GEHN FNUNyGRBA BO aQfi JN VwL FNG ρ GB xN ρ˜=aQ,aQ¯ ˆ 0 Rffl =aQ ˆ aQ– jQNAfi GQN ENyBAFGEHyGRBA xNyBVNF GQN
RzNAGR[ywGRBA CqBxUNV– mN QwIN GB FGENFF GQwG w CEBCNE FNUNyGRBA BO VNwFHEN ρ RF RVCBEGwAG GB VwTN f�Y
fERIwyL VNwARAPOHU RA zRfflNENAG FyNAwERBF– ZRfflNENAG NEEBE VNGERyF JRUU ywCGHEN zRfflNENAG CNEFCNyGRINF BO zwGw
CERIwyL– rBE xRBUBPRywU BE åAwAyRwU zwGwfi FHyQ wF wPNF wAz RAyBVNFfi UY ABEVfi FHyQ wF U0 wAz U1fi RF HFHwUUL
VNwARAPOHU– XHG OBE FNAFRGRIN RVwPN BE AwGHEwU UwAPHwPN zwGwfi UY ABEV VwL ABG xN wxUN GB OHUUL yQwEwyGNERMN
GQN UNwTwPN BO yBAGNKGHwU RAOBEVwGRBAfi wAz VNVxNEFQRC wAz RzNAGRåywGRBA QwEzANFF wEN xNGGNE BCGRBAF– f�Y
fERIwyL CEBIRzNF w HARåNz OEwVNJBET OBE wExRGEwEL RAONENAyN GwFTF wAz CERIwyL yBAyNEAF–
bwyT nO aAnvUdzPd# uA wUU GQN wxBIN zNåARGRBAFfi JN wFFHVN GQN wzINEFwEL QwF OHUU TABJUNzPN BO GQN w
CqRBqR zwGw PNANEwGRBA zRFGERxHGRBA �fi BE � RF CHxURy– tBJNINEfi BHE yHEENAG f�Y fERIwyL OEwVNJBET ywAABG
CEBCNEUL DHwAGROL GQN RAONENAyN QwEzANFF zHN GB GQN UwyT.wxFNAyN BO CERBE TABJUNzPN– rBE NKwVCUNfi FHCCBFN
GQN zwGw n RF PNANEwGNz OEBV FBVN zRFGERxHGRBA �fi FwL w EwAzBV CRyGHEN FNUNyGNz OEBV w CBBU BO ywG RVwPNF–
rBE wA wzINEFwEL JQB zBNF ABG QwIN OHUU TABJUNzPN xHG BAUL TABJF GQwG GQN HFNEF& CRyGHENF yBHUz xN FNUNyGNz
OEBV wA RVwPN CBBU BO ywGF BE zBPFfi GQN RAONENAyN JBHUz xN QwEzNE yBVCwENz GB GQN OHUU TABJUNzPN FNGHC–
kAOBEGHAwGNULfi BHE GNyQARDHNF HFNz RA f�Y fERIwyL ENUL BA GQN NAGEBCL BO zwGwfi JQRyQ zBNF ABG yQwAPN
yBAzRGRBAwU BA FHyQ UwyT BO TABJUNzPN– tBJNINEfi RA GQN BGQNE zRENyGRBAfi f�Y fERIwyL zBNF DHwAGROL GQN
RAONENAyN QwEzANFF RA w VBEN PNANERy FyNAwERB JQNA GQN wzINEFwEL QwF VBEN TABJUNzPN EwGQNE GQwA FRVCUL
TABJRAP �– mN ENONE GQN ENwzNE GB hNVwET 0 RA iNyGRBA 2–

�UGQBHPQ BHE yHEENAG OEwVNJBET ywAABG NKwyGUL DHwAGROL GQN RAONENAyN QwEzANFF wVCURåywGRBA OEBV GQN
UwyT BO TABJUNzPNfi f�Y fERIwyL NASBLF FGEBAP wAz ENwURFGRy CERIwyL RAGNECENGwGRBA OEBV GQRF CNEFCNyGRIN– uO
w yNEGwRA RAONENAyN CEBxUNV RF wUENwzL zR3yHUG OBE wA wzINEFwEL JQB QwF OHUU TABJUNzPNfi GQNA RG RF NINA VBEN
zR3yHUG OBE wA wzINEFwEL JQB UwyTF TABJUNzPN– iHCCBFN w HFNE QBUzF w FNG Q BO ywG RVwPNF wAz EwAzBVUL
FwVCUNFfi FwLfi 0/// FwVCUNF OEBV GQNVfi GB CEBzHyN n wAz zRFyUBFNFL˜n¯– uOL˜n¯ FwGRFåNF f�Y fERIwyL
FHyQ GQwG NINA wA wzINEFwEL JQB TABJF Q wAz GQN zwGw PNANEwGRBA � ywAABG RzNAGROL BE ENyBINE GQN 0///
CwEGRyRCwAGFfi GQNA RG RF NINA VBEN zR3yHUG OBE wA wzINEFwEL GB RzNAGROL BE ENyBINE GQN 0/// FNUNyGNz FwVCUNF
OEBV GQN HARINEFN BO ywG RVwPNF–

2 rBHAMwGRBA Be f�o fERIwyL

uA GQRF FNyGRBAfi JN CENFNAG BHE PNANERy ENFHUGF GB NAwxUN yBAyENGN f�Y fERIwyL wAwULFRF– XNOBEN JN FGwGN GQN
GQNBENVFfi JN ANNz GQN OBUUBJRAP wzzRGRBAwU ABGwGRBAF GB NKCENFF GQN ENFHUGF–

pd)ARGRnA 6 ’qAGEBCL?- rBq w qwAzBV IwqRwxUN a zN[ANz BA w zRFyqNGN FNG � fi GgN “igwAABA( NAGqBCL D˜a¯
BO a RF zN[ANz wF D˜a¯ ˆ √

K+∈�
−fp˜a ˆ a]¯ TnP fp˜a ˆ a]¯. uO a RF RA w yBAGRAHBHF zRFGqRxHGRBA BA FBVN

zBVwRA � fi GgNA GgN “zRffiNqNAGRwU( NAGqBCL Q˜a¯ BO a RF zN[ANz wF Q˜a¯ ˆ
)

K+∈�
−E˜a ˆ a]¯ TnPE˜a ˆ a]¯za],

vgNqN E qNCqNFNAGF GgN CqBxwxRURGL zNAFRGL OHAyGRBA-

mRGQ w FURPQG wxHFN BO ABGwGRBAfi JN FRVCUL wCCUL D˜a¯ GB zNABGN GQN ’iQwAABAézRfflNENAGRwU? NAGEBCL BO a
zNCNAzRAP BA RGF zRFGERxHGRBA OBE FRVCURyRGL– �yyBEzRAPULfi JN ywA zNåAN GQN yBAzRGRBAwU NAGEBCL D˜a{v¯ OBE
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GJB EwAzBV IwERwxUNF a wAz v RA FBVN SBRAG zRFGERxHGRBAfi JQNEN D˜a{v¯ ˆ √

v+∈M
D˜a{v ˆ v]¯ fp˜v ˆ v]¯.

mQNA v RF RA FBVN yBAGRAHBHF zRFGERxHGRBAfi JN ywA FRVRUwEUL zNåAN GQN yBAzRGRBAwU NAGEBCL RA wA RAGNPEwU
OBEV wF zRfflNENAGRwU NAGEBCL– uA GQN OBUUBJRAPfi JN JRUU HFN dK GB zNABGN GQN zRFGERxHGRBA BO w EwAzBV IwERwxUN
a–

pd)ARGRnA 7 ’cHGHwU uAOBEVwGRBA?- rBq GvB qwAzBV IwqRwxUNF a wAz v RA FBVN SBRAG zRFGqRxHGRBAfi GgN
VHGHwU RAOBqVwGRBA ID˜a:v¯ RF zN[ANz wF

ID˜a:v¯ #̂ D˜a¯−D˜a{v¯ ˆ Cab˜dK,v!dK ⊗ dv¯,

R-N-fi GgN ab]zRINqPNAyN xNGvNNA GgN SBRAG zRFGqRxHGRBA BO ˜a,v¯ wAz GgN CqBzHyG BO GgN VwqPRAwU zRFGqRxHGRBAF
BO a wAz vfi qNFCNyGRINUL-

cHGHwU RAOBEVwGRBA VNwFHENF GQN zNCNAzNAyN xNGJNNA a wAz v– ID˜a:v¯ ˆ ID˜v:a¯ RF wUJwLF ABA]
ANPwGRIN wAz NDHwUF 0 RO a RF RAzNCNAzNAG BO v–

SgdnEdl 0- rBq wAL FNUNyGNz O ]zRINqPNAyN Ce fi w VNygwARFV L # � W → B FwGRF[NF ˜9e>, ρ,�¯ f�o
�zIwAGwPN fqRIwyL RO

9e> ˆ Ce
√

0δ!0δρX
(

\ g�x
Mm

Ce
√

dn,C˜n¯!dn ⊗ dm
(

. ’0?

tNqNfi 0δ wAz 0δρX wqN GvB nNqABHUUR zRFGqRxHGRBAF BO CwqwVNGNqF > wAz >
ρ
B fi qNFCNyGRINUL: dn,C˜n¯ wAz dn wqN

GgN SBRAG zRFGqRxHGRBA wAz GgN VwqPRAwU zRFGqRxHGRBA BO ˜n,L˜n¯¯ wAz nfi qNFCNyGRINUL: wAz dm qNCqNFNAGF
GgN zRFGqRxHGRBA BO wA wqxRGqwqL qwAzBV IwqRwxUN m ∈ B-

uA CwqGRyHUwqfi vgNA vN FNUNyG Ce GB xN GgN ab]zRINqPNAyN wAz Nm ˆ NC˜n¯fi L FwGRF[NF ˜9ab>, ρ,�¯
f�o �zIwAGwPN fqRIwyL vgNqN

9ab> #̂ Cab˜0δ!0δρX ¯ \ ID
√

n :L˜n¯
(

. ’1?

tNqNfi Cab˜0δ!0δρX ¯ ˆ > TnP˜ δ
δρX
¯+ ˜0− >¯ TnP˜ 0−δ

0−δρX
¯-

fqBBO- iNN �CCNAzRK �–

hdlwET 0- uA PNANqwUfi RO GgN wzINqFwqL gwF VBqN CqRBq TABvUNzPN ˜xNFRzNF GgN zwGw zRFGqRxHGRBA �¯ BA nfi
zNABGNz xL w IwqRwxUN �zufi vN ywA BxGwRA w yBqqNFCBAzRAP f�o fqRIwyL xBHAz HFRAP jgNBqNV 0fi vgNqN GgN
BAUL zRffiNqNAyN RF GgwG RA ˜2¯fi ID˜n :L˜n¯¯ wAz >ρB wqN ygwAPNz GB GgN yBAzRGRBAwU ID˜n :L˜n¯{�zu¯ wAz
GgN yBqqNFCBAzRAP OwRUHqN CqBxwxRURGL BO BCGRVwU w CERBER PHNFFRAP BA n yBAzRGRBAwU BA �zufi qNFCNyGRINUL-

jQNBENV 0 RF EBBGNz RA GQN JNUU]TABJA zwGw CEByNFFRAP RANDHwURGL BO O ]zRINEPNAyN– hBHPQUL FCNwTRAPfi
GQRF RANDHwURGL FwLF CBFGCEByNFFRAP ywAABG RAyENwFN RAOBEVwGRBA– sRINA CERBEFfi GQN wzINEFwEL&F ENyBAFGEHyGRBA
BE zNyRFRBA RF zNGNEVRANz xL ’w CBFGCEByNFFRAP BO? QRF BxFNEIwGRBA BA L˜n¯– jQNENOBENfi GB RAOBEVwGRBA]
GQNBENGRywUUL xBHAz GQN CBFGNERBE wzIwAGwPNfi RG FH3yNF GB DHwAGROL GQN yBEENUwGRBA xNGJNNA n wAz L˜n¯–
jQNBENV 0 FNEINF wF GQN OBHAzwGRBA BO f�Y fERIwyL wAwULFRF– rEBV ’0?fi JN TABJ GQwG 9e> ˆ Ce ˜0δ!0δρX ¯fi GQN
yQwAPN GB GQN O ]zRINEPNAyN xNGJNNA GQN BCGRVwU w CqRBqR wAz CBFGNERBE ENyBAFGEHyGRBAéRAONENAyN CNEOBEVwAyNfi
RF xBHAzNz xL GQN yBEENFCBAzRAP O ]zRINEPNAyN xNGJNNA GQN zRFGERxHGRBAF BO ˜n,L˜n¯¯ wAz ˜n,m ¯fi JQNEN
m RF wA wExRGEwEL EwAzBV IwERwxUN RAzNCNAzNAG BO n – mRGQ GQN OENNzBV BO GQN FNUNyGRBAF BO xBGQ O wAz m fi
RO JN wCCUL ab]zRINEPNAyN wAz FNG m GB xN zRFGERxHGNz GQN FwVN wFL˜n¯fi JN QwIN 9ab> \ ID˜n :L˜n¯¯,
GQN VHGHwU RAOBEVwGRBA xNGJNNA n wAzL˜n¯–

uG RF ABGNz GQwG JN wEN wUFB OENN GB FNUNyG wqxRGqwqL ρ wF GQN BxSNyGRIN RAONENAyN GwFT wAz GQN FHyyNFF
yERGNERBA RA ’0?– jQHFfi wABGQNE RVCBEGwAG RVCURywGRBA OEBV jQNBENV 0 RF GQwG BAyN JN QwIN wA HCCNE xBHAz
BA Ce

√

dn,C˜n¯!dn ⊗ dC˜n¯

(

fi JN RAzNNz wUFB yBAGEBU GgN CBFGNqRBq wzIwAGwPN BO wUU CBFFRxUN wzINqFwqRNF;
RAONqNAyN GwFTF- jQRF RF wUFB GQN OBHAzwGRBA BO GQN wHGBVwGRy CEBBO BO f�Y fERIwyLfi JQNEN GQN NAGRqNGL BO
zwGw PNANqwGRBA wAz CqByNFFRAPL yBHUz xN w xUwyT]xBK BqwyUN: wF FQBJA RA iNyGRBA Wfi JN wEN wxUN GB yBAGEBU
FHyQ O ]zRINEPNAyN JRGQBHG wAL wUPBERGQVRy wAwULFRF BO L– mN ywA yBVCHGN >ρB xwFNz BA ρ wAz � OBE wAL
PRINA RAONENAyN GwFT– sRINA >ρB fi BAyN JN QwIN GQN HCCNE xBHAz BA 9e>fi JN ywA yBAFNDHNAGUL UBJNE xBHAz
GQN wzINEFwEL&F OwRUHEN CEBxwxRURGL > OBE RAONENAyN FRAyN Ce RF w zNGNEVRARFGRy OHAyGRBA–
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uA GQN OBUUBJRAPfi JN JRUU VwRAUL OByHF BA 9ab> GB yBAGEBU f�Y fERIwyL FRAyN VHGHwU RAOBEVwGRBA RF w
JNUU]FGHzRNz DHwAGRGL RA RAOBEVwGRBA GQNBEL wAz QwF VwAL ARyN CEBCNEGRNF GB FRVCUROL BHE wAwULFRF– uAGHRGRINULfi
ID˜n :L˜n¯¯ DHwAGRåNF GQN zNCNAzNAyN xNGJNNA n wAzL˜n¯fi wAz FQBJF QBJ VHyQ FHyQ RAFGwAyN]xwFNz
RAOBEVwGRBA ’RA AwGFéxRGF xL GwTRAP TnPNéTnP1 RA ab]zRINEPNAyN? RF CEBIRzNz xLL˜n¯ GB FHCCBEG GQN wzINE]
FwEL&F RAONENAyN– qFCNyRwUULfi JQNA JN FNUNyG Ce GB xN GBGwU IwERwGRBA wAz FGRUU dm ˆ dC˜n¯fi

9jl > ˆ >
ρ
B − > \ Cjl

√

dn,C˜n¯!dn ⊗ dC˜n¯

(

.

XL fRAFTNE&F RANDHwURGLfi JQRyQ FGwGNF GQwG OBE GJB zRFGERxHGRBAF d wAz P BA GQN FwVN VNwFHEwxUN FCwyNfi

9jl ˜d!P¯ \
∫

0
1 ·9ab˜d!P¯, JN QwIN GQN OBUUBJRAP yBEBUUwEL GB PRIN w DHwAGRåywGRBA BA GQN VBEN RAGHRGRIN

wAz yUwFFRy CBFGNERBE wzIwAGwPN–

onEnUUwEL 0- mRGg GgN FwVN FNGHC wF jgNBqNV 0fi GgN CBFGNqRBq wzIwAGwPN ˜>ρB − >¯ OBq wqxRGqwqL ρ RF HCCNq
xBHAzNz wF

9jl > ˆ >
ρ
B − > \

√

0

2
·ID

√

n :L˜n¯
(

.

eA GQN BGQNE QwAzfi JN ywA wUFB wCCUL jQNBENV 0 GB RAGNECENG GQN yUwFFRy JBEFG]ywFN FNyHERGL zNåARGRBAF–
jB zNERIN GQN zwGw]RAzNCNAzNAG VwKRVwU UNwTwPN JQNA NKCBFRAP L˜n¯fi JN VwL GwTN w FHCENVHV BA GQN
ERPQG FRzN BO ’1? wAz FGHzL rso

�,n∼�ID˜n :L˜n¯¯ RAFGNwz– jQHFfi GQN wzINEFwERwU JBEFG]ywFN wAwULFRF ywA
xN HFNz GB CEBzHyN w ’UBBFN? HCCNE xBHAz BO f�Y fERIwyL– rBE NKwVCUNfi RO JN TABJ L RF ǫ]Zffi GQNA
rso�,n∼�ID˜n :L˜n¯¯ \ 0.4ǫ1A1 OBE wA A]zwGwCBRAG FNG n ’jQNBENV 0–0/ wAz fEBCBFRGRBA 0–W RA )0Wfl?–

mRGQ jQNBENV 0fi BHE PBwU OBE GQN ENVwRAzNE BO GQRF CwCNE RF yUNwEfi JQNEN JN FNG BHG GB zNGNEVRAN BE
xBHAz ID˜n :L˜n¯¯ JRGQ QRPQ yBAåzNAyN– mN åEFG VBIN BA GB wAwULMN wA RVCBEGwAG FCNyRwU ywFN JQNEN
aQ RF R–R–z– PNANEwGNz wAz L˜·¯ RF w FLVVNGERy VNyQwARFV– tNENfi JN ywUU L˜a0,a1, . . . ,a�¯ FLVVNGERy RO
OBE wA wExRGEwEL CNEGHExwGRBA W BA )0 # A+fi GQN zRFGERxHGRBA BO L˜aW˜0¯,aW˜1¯, . . . ,aW˜�¯¯ RF RzNAGRywUfi JQNEN
NwyQ NUNVNAG aQ RF GENwGNz NDHwUUL– cwAL zwGw CEByNFFRAP GwFTF FwGRFOL GQN FLVVNGERy CEBCNEGLfi OBE NKwVCUN
VNwAéVNzRwA NFGRVwGRBA BE NVCRERywU ERFT VRARVRMwGRBA ’qhc? RA VwyQRAN UNwEARAPfi JQNEN GQN BEzNE BO
FwVCUNF zBNF ABG yQwAPN GQN ENFHUG– jQN VwRA VBGRIwGRBA GB FGHzL GQRF FCNyRwU ywFN RF GQwG JN ywA FQBJ
GRPQGNE wAz FRVCUNE xBHAzF GB yBAGEBU GQN FNyHERGL CwEwVNGNE > RA VwAL wCCURywGRBAFfi NFCNyRwUUL JQNA GQN
VNyQwARFVL RF zNGNEVRARFGRy JRGQ ENFCNyG GB n – jQRF JRUU xNyBVN yUNwE RA iNyGRBA W– rBE ABGRBAwU yUwERGLfi
JN JRUU HFN n ∼ (�� GB zNABGN GQwG aQ RF R–R–z– PNANEwGNz OEBV FBVN zRFGERxHGRBA (� GB zRfflNENAGRwGN OEBV GQN
PNANERy SBRAG zRFGERxHGRBA ywFN–

SgdnEdl 1- � VNygwARFVL FwGRF[NF ˜>, ρ,A,�¯ f�o uAzRIRzHwU fqRIwyL RO GgNqN NKRFG >Q OBq h ˆ 0, 2, . . . ,A,
FwGRFOLRAP >Q ≥ > wAz

Cab˜0δN!0δρX,N¯ \ ID
√

aQ:L˜n¯
(

. ’2?

tNqNfi 0− >ρB,Q ˆ rso=KN∈� fp˜ρ˜=aQ,aQ¯ ˆ 0¯ qNCqNFNAGF GgN BCGRVwU CqRBq FHyyNFF qwGN BO qNyBINqRAP aQ-

uA CwqGRyHUwqfi vgNA n ∼ (�� wAzL RF w FLVVNGqRy VNygwARFVfi GgNA

> ≥
�
∑

iˆ0

=>i

A
,

OBq wAL FNUNyGRBA BO =>i FwGRFOLRAP Cab˜0=δi!0=δi,ρX ¯ \ ID
√

n :L˜n¯
(

, vgNqN

0− =>i,ρB ˆ

�
∑

kˆi

(

A

U

)

˜(>ρB¯
�−k · ˜0− (>ρB¯

k, ’W?

wAz 0− (>ρB ˆ rso=K∈� fpK∼ (Z˜ρ˜=a,a¯ ˆ 0¯.

fqBBO- iNN �CCNAzRK X–

Ú



uA jQNBENV 1fi JN CBRAG BHG GQwG RO BHE BxSNyGRIN RF RAzRIRzHwU CERIwyLfi JN VwL PNG GRPQGNE xBHAzF xL
wCCULRAP ID˜aQ:L˜n¯¯ EwGQNE GQwA ID˜n :L˜n¯¯– XL GQN yQwRA EHUN BO VHGHwU RAOBEVwGRBA )1Wflfi JN TABJ
GQwG ID˜n :L˜n¯¯ RF wA HCCNE xBHAz OBE wAL ID˜aQ:L˜n¯¯ FRAyN OBE wAL hfi

ID˜n :L˜n¯¯ ˆ ID˜aQ:L˜n¯¯+ID˜n\·aQ|:L˜n¯{aQ¯ ≥ ID˜aQ:L˜n¯¯.

tBJNINEfi GB wAwULMN ID˜aQ:L˜n¯¯fi PNANEwUUL JN ANNz GB GwTN GQN BGQNE NUNVNAGF n\·aQ| wF CwEG BO EwAzBV]
ANFF FNNzF wAz NAOBEyNL GB xN EwAzBVRMNzfi JQRyQ VwTNF RG VBEN zR3yHUG GB PRIN GRPQG xBHAzF– jQNENOBENfi
RA GQN FNyBAz CwEG BO jQNBENV 1fi RA GQN ywFN BO R–R–z– zwGw JRGQ FLVVNGERy CEByNFFRAPfi JN PRIN w VBEN åAN]
PEwRANz wAwULFRF xHG FGRyT GB ID˜n,L˜n¯¯– jQN RzNw xNQRAz GQRF RF GQwG JN yBAFRzNE GQN yQwAyNfi zNABGNz
xL ˜0 − =>i¯fi GQwG GQN wzINEFwEL ywA FHyyNFFOHUUL ENyBINE wG UNwFG S VwAL NUNVNAGF BHG BO wA A]FwVCUN FNG n fi
wAz HFN GQN FLVVNGERy CEBCNEGL GB xBHAz GQN FHyyNFF EwGN BO NwyQ RAzRIRzHwU aQ–

DKwlCUd 0 ’�CCURywGRBAF BO jQNBENVF 0 wAz 1?- mN yBAFRzNq w FNG n BO A zwGwCBRAGF vgNqN Nwyg zwGwCBRAG
aQ RF R-R-z- HAROBqVUL FNUNyGNz OqBV w [ARGN FNG BO FRMN d wAz L RF FBVN FLVVNGqRy VNygwARFV- iHCCBFN
d ˆ 000 wAz OBq wAL PRINA hfi vN TABv GgN BCGRVwU CqRBq FHyyNFF qwGN ˜0 − >ρB¯ GB RzNAGROL GgN GqHN FNUNyGRBA
BO aQ RF 0.00- mgNA ID˜n :L˜n¯¯ ˆ 0fi IRw jgNBqNV 0fi xL AHVNqRywUUL FBUIRAP Cab˜0δN!0].88¯ \ 0fi vN gwIN
w PUBxwU xBHAz ˜0− >¯ \ 0.26 OBq wAL A-

�CCULRAP jgNBqNV 1fi w UwqPNq A vRUU CqBzHyN w GRPgGNq xBHAz BO ˜0 − >¯- sRINA ID˜n :L˜n¯¯ ˆ 0fi
vN AHVNqRywUUL FBUIN Cab˜0=δi!0=δi,ρX ¯ \ 0 GB BxGwRA GgN UBvNq xBHAz BO =>ifi GgN OwRUHqN CqBxwxRURGL GgwG wA
wzINqFwqL ywA qNyBINq wG UNwFG S NUNVNAGF OBq S ˆ 0, 2, · · · ,Afi wAz yBAFNDHNAGUL BxGwRA GgN UBvNq xBHAz BO
RAzRIRzHwU RAONqNAyN OwRUHqN CqBxwxRURGL >- mgNA A ˆ 00fi vN gwIN ˜0 − >¯ \ 0.06, wAz vgNA A ˆ 40fi vN gwIN
˜0− >¯ \ 0.06-

iB OwEfi JN QwIN CENFNAGNz GQN PNANERy xBHAzF BO f�Y fERIwyLfi wAz GB NAFHEN zNFRENz FNyHERGL CwEwVNGNEFfi
GQN CEBxUNV RF ENzHyNz GB yBAGEBUURAP GQN VHGHwU RAOBEVwGRBA ID˜n :L˜n¯¯

√

BE ID˜aQ:L˜n¯¯
(

JRGQ QRPQ
yBAåzNAyN–

W �HGBlwGRy oBAGEBk Be cHGHwk uAeBElwGRBA

uA GQRF FNyGRBAfi JN CENFNAG BHE VwRA ENFHUGF BA wHGBVwGRy CERIwyL VNwFHENVNAG wAz yBAGEBU– �G w QRPQ
UNINUfi JN JwAG wA wHGBVwGRy CEBGByBU JQRyQ GwTNF FNyHERGL CwEwVNGNEF wF RACHG wAz ENGHEAF w CERIwGRMwGRBA
FyQNVN BAL GB NAFHEN ENDHRENz CERIwyL PHwEwAGNNF JRGQ QRPQ yBAåzNAyN– uA CwEGRyHUwEfi JN JwAG GQN UNwFG
wFFHVCGRBAF BA VNyQwARFVLfi JQRyQ RzNwUUL yBHUz xN w xUwyT]xBK BEwyUN wAz AB FCNyRåy wUPBERGQVRy wAwULFRF
RF ANNzNz GB CEBzHyN GQN FNyHERGL CEBBO–

eAN AwGHEwU RzNw GB wyQRNIN RAOBEVwGRBA UNwTwPN yBAGEBU RF CNEGHExwGRBA# JQNA ID˜n :L˜n¯¯ RF ABG FVwUU
NABHPQ GB CEBzHyN FwGRFåNz f�Y fERIwyLfi JN VwL wzz wzzRGRBAwU ABRFN �fi FwL swHFFRwAfi GB CEBzHyN FVwUUNE
ID˜n :L˜n¯+�¯– uA f�Y fERIwyLfi GQN EBUN BO ABRFN RF ABG FRVCUL CNEGHExwGRBA xHG GB wUFB NAOBEyN GQN BHGCHG
BO w xUwyT]xBK BEwyUN RAGB w yUwFF BO CwEwVNGNERMNz zRFGERxHGRBAF– �F FQBJA xNUBJ OBE NRGQNE zNGNEVRARFGRy BE
EwAzBVRMNz wUPBERGQVFfi JRGQ swHFFRwA ABRFNfi GQN wAwULFRF RF ENzHyNz GB GQN FGHzL BO zRINEPNAyNF BO swHFFRwA
VRKGHEN VBzNUF– jQN TNL DHNFGRBA UNOG RF QBJ GB wHGBVwGRywUUL zNGNEVRAN GQN CwEwVNGNEF BO GQN ABRFN �– mN
PRIN FBUHGRBAF RA GQRF FNyGRBA– uA iNyGRBA W–0fi JN OByHF BA GQN zNGNEVRARFGRyL˜·¯ J–E–G– n fi JQRUNfi RA iNyGRBA
W–1fi JN wAwULMN PNANERy EwAzBVRMNzL˜·¯ J–E–G– NRGQNE n BE w FRAPUN zwGwCBRAG aQ– rRAwUULfi RA iNyGRBA W–2fi JN
zRFyHFF QBJ GB wCCEBKRVwGN GQN BCGRVwU CNEGHExwGRBA–

m7. pdsdDlR�RrsRy cdyQw�Rrl

jQN NFGRVwGRBA BO VHGHwU RAOBEVwGRBA RF w UBAP]FGwAzRAP BCNA CEBxUNVfi GQBHPQ RG NASBLF w INEL FRVCUN NK]
CENFFRBA IRw ’yBAzRGRBAwU? NAGEBCL BE ab]zRINEPNAyN– fEwyGRywU VHGHwU RAOBEVwGRBA NFGRVwGRBAF QwIN xNNA
FGHzRNz RA VwAL NVCRERywU JBETF HFRAP zNNC UNwEARAP )0/flfi )10fl BE TNEANU VNGQBzF )4/fl JRGQ zRfflNENAG VBGRIw]
GRBAF FHyQ wF RAOBEVwGRBA xBGGUNANyT )51fl wAz ywHFwURGL )04fl– tBJNINEfi BAN TNL BxFGwyUN GB HFN GQBFN QNHERFGRy
NFGRVwGRBAF RF GQwG JN ywAABG zNERIN w QRPQ yBAåzNAyN xBHAz wAz zNFRPA ANyNFFwEL CNEGHExwGRBA OBE ERPBEBHF
FNyHERGL PHwEwAGNNF–
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uA GQRF FNyGRBAfi JN wFFHVN GQwG L RF FBVN zNGNEVRARFGRy OHAyGRBA J–E–G– n fi OBE NKwVCUNfi L ENGHEAF
GQN wINEwPNéVNzRwA BO n BE GQN PUBxwU BCGRVHV BO FBVN UBFF OHAyGRBA zNGNEVRANz xL n – XNLBAz GQN
zNGNEVRARFGRy wFFHVCGRBAfi GQN BAUL BGQNE ENFGERyGRBA RF GQwG GQN BHGCHG L˜n¯ RF xBHAzNz– mRGQBHG UBFF BO
PNANEwURGLfi JN wFFHVN GQN U1 ABEV !L˜a¯!1 \ Z– iRAyN GQN zRFGERxHGRBA BO L˜n¯ yBHUz xN wExRGEwEL BINE
�
z
q fi GQN z]zRVNAFRBAwU U1 xwUU BO EwzRHF Z yNAGNENz wG MNEBfi RA PNANEwUfi GQNEN zB ABG NKRFG ABA]GERIRwU HCCNE
xBHAzF BO ID˜n :L˜n¯¯– uAzNNzfi CBFFRxUL yBHAGNE]RAGHRGRINULfi JN ywAABG NINA FwL GQwG GQN wPPENPwGRBA BO
w UwEPNE FwVCUN FNG JBHUz RAyHE UNFF RAOBEVwGRBA UNwTwPN– rBE NKwVCUNfi RVwPRAN w åARGN FNG Q JQNEN GQN
NVCRERywU VNwAF BO RGF FHxFNGF wEN zRFGRAyG– n ENCENFNAGF w FHxFNG BO Q EwAzBVUL FNUNyGNz wAzL˜n¯ BHGCHGF
GQN wINEwPN BO n – iRAyN GQNEN RF w xRSNyGRBA xNGJNNA n wAz L˜n¯fi ID˜n :L˜n¯¯ ˆ D˜n¯ ˆ e˜TnP 2·P·¯fi
RAyENwFRAP JRGQ {Q{–

rBEGHAwGNULfi wzzRAP yBAGRAHBHF ABRFNfi NFCNyRwUUL swHFFRwA ABRFNfi NAwxUNF HF GB zNERIN PNANERy yBAGEBU BO
ID˜n :L˜n¯+�¯– YBAGRAHBHF ABRFN � NAOBEyNF GQN zRFGERxHGRBA BO BHGCHGL˜n¯+� GB xN CwEwVNGNERMNz
wAz yBAGRAHBHF ENPwEzUNFF BO L wAz n – XNUBJfi JN FQBJ QBJ GB wCCUL yBIwERwAyN NFGRVwGRBA GB OHUUL
wHGBVwGRywUUL zNGNEVRAN w ABRFN � GB yBAGEBU ID˜n :L˜n¯+�¯ JRGQ yBAåzNAyN OBE wAL xUwyT]xBK BEwyUN
L– uA GQN OBUUBJRAPfi JN FRVCUL FNG� GB xN FBVN VHUGRIwERwGN swHFFRwA RA w OBEVM ˜0,1�¯fi JQBFN yBIwERwAyN
RF 1� – iRVRUwEULfi 1C˜n¯ ENCENFNAGF GQN yBIwERwAyN VwGERK BOL˜n¯–

SgdnEdl 2- rBq wA wqxRGqwqL zNGNqVRARFGRy VNygwARFVL wAz w swHFFRwA ABRFN BO GgN OBqV � ∼ M ˜0,1�¯fi

ID˜n :L˜n¯+�¯ \ 0

2
· TnP zNG

√

Bz + 1C˜n¯ · 1−0
�

(

. ’4?

uA CwqGRyHUwqfi UNG GgN NRPNAIwUHNF BO 1C˜n¯ xN ˜µ0, . . . ,µz¯fi GgNA GgNqN NKRFGF FBVN 1� FHyg GgwG Z)!�!11+ ˆ
˜
√z

iˆ0

∑

µi¯
1, wAz ID˜n :L˜n¯+�¯ \ 0.2.

fqBBO- iNN �CCNAzRK Y–

rEBV jQNBENV 2fi JN QwIN w FRVCUN HCCNE xBHAz BA GQN VHGHwU RAOBEVwGRBA wOGNE CNEGHExwGRBA JQRyQ
BAUL ENDHRENF GQN TABJUNzPN BO GQN yBIwERwAyN BO L˜n¯ JQNA L RF zNGNEVRARFGRy– �ABGQNE RVCBEGwAG wAz
wCCNwURAP CEBCNEGL RF GQwG GQN ABRFN ywURxEwGNz GB NAFHEN GQN GwEPNG VHGHwU RAOBEVwGRBA xBHAz RF ABG NKCURyRGUL
zNCNAzNAG BA GQN BHGCHG zRVNAFRBAwURGL z xHG RAFGNwz BA GQN FDHwEN EBBG FHV BO NRPNAIwUHNF BO 1C˜n¯– mQNA
L˜n¯ RF UwEPNUL zRFGERxHGNz RA w Y]EwAT FHxFCwyN BO Pzfi jQNBENV 2 FHPPNFGF GQwG w ABRFN BO FywUN e˜

√
Y¯ RF

ANNzNz– jQRF RF zRfflNENAG OEBV Zf JQNEN GQN NKCNyGNz U1 ABEV BO ABRFN RF RA w FywUN BO ]˜
√
z¯ PRINA yBAFGwAG

U1]ABEV FNAFRGRIRGL: JN JRUU CENFNAG w yBVCENQNAFRIN yBVCwERFBA RA iNyGRBA 5–
XwFNz BA jQNBENV 2fi JN ABJ CEByNNz GB CENFNAG wA wHGBVwGRy CEBGByBU �UPBERGQV 0 GB zNGNEVRAN 1�

wAz CEBzHyN wA HCCNE xBHAz FHyQ GQwG ID˜n :L˜n¯+�¯ \ ˜u+β¯ JRGQ QRPQ yBAåzNAyNfi JQNEN u wAz β wEN
CBFRGRIN CwEwVNGNEF FNUNyGNz wF NKCUwRANz xNUBJ– �OGNE FH3yRNAGUL VwAL FRVHUwGRBAFfi GQN OBUUBJRAP GQNBENV
NAFHENF GQwG JN ywA BxGwRA wyyHEwGN NABHPQ NFGRVwGRBA JRGQ wExRGEwERUL QRPQ CEBxwxRURGL– � yQwEwyGNERMwGRBA
BA GQN ENUwGRBAFQRC wVBAP FNyHERGL CwEwVNGNE yfi FRVHUwGRBA yBVCUNKRGL l wAz yBAåzNAyN CwEwVNGNE , RF
PRINA RA ’5?–

SgdnEdl W- �FFHVN GgwG L˜n¯ ∈ P
z wAz !L˜n¯!1 \ Z OBq FBVN yBAFGwAG Z HAROBqVUL OBq wAL nfi wAz

wCCUL �UPBqRGgV 0 GB BxGwRA GgN swHFFRwA ABRFN yBIwqRwAyN 1� OBq w FCNyR[Nz VHGHwU RAOBqVwGRBA xBHAz
u + β- u wAz β ywA xN ygBFNA RAzNCNAzNAGULfi wAz y RF w FNyHqRGL CwqwVNGNq- jgNAfi GgNqN NKRFGF w [KNz wAz
HARINqFwU yBAFGwAG / FHyg GgwG BAN ywA NAFHqN ID˜n :L˜n¯+�¯ \ u + β vRGg yBA[zNAyN wG UNwFG ˜0 − ,¯
BAyN GgN FNUNyGRBAF BO yfi l wAz , FwGRFOLfi

y ≥ /Z
√

lua·
√

z+ TnP˜m.,¯

l
,
z+ TnP˜m.,¯

l
|+

√

z TnP˜m.,¯

l

(

. ’5?

fqBBO- iNN �CCNAzRK Z–

0/



�UPnERGgl 0 ˜0− ,¯]YBAåzNAyN dBRFN ZNGNEVRAwGRBA BO ZNGNEVRARFGRy cNyQwARFVL
09 uACHG9 � zNGNEVRARFGRy VNyQwARFVL # � W → �

z
q fi zwGw zRFGERxHGRBA �fi FwVCURAP yBVCUNKRGL lfi FNyHERGL

CwEwVNGNE yfi wAz VHGHwU RAOBEVwGRBA DHwAGRGRNF u wAz β–
19 OnE T ˆ 0, 2, . . . ,l zn
29 uAzNCNAzNAGUL PNANEwGN zwGw n˜T¯ OEBV zRFGERxHGRBA �–
W9 hNyBEz b˜T¯ ˆL˜n˜T¯¯–
49 dAz OnE
59 YwUyHUwGN NVCRERywU VNwA %µ ˆ

√V
Tˆ0 b

˜T¯.l wAz GQN NVCRERywU yBIwERwAyN NFGRVwGRBA %1 ˆ
√V

Tˆ0˜b
˜T¯ − %µ¯˜b˜T¯ − %µ¯j .l.

69 �CCUL FRAPHUwE IwUHN zNyBVCBFRGRBA ’ilZ? BA %1 wAz BxGwRA GQN zNyBVCBFRGRBA wF %1 ˆ %k %[ %kj , JQNEN %[
RF GQN zRwPBAwU VwGERK BO NRPNAIwUHNF %µ0 ≥ %µ1 ≥ . . . ≥ %µz–

79 ZNGNEVRAN GQN VwKRVwU RAzNK S] ˆ upPluai %µi fi OBE GQBFN %µi > y–
89 RO lg�0≤i≤i+,0≤k≤z {%µi − %µk{ > Z

√
zy+ 2y GgdA

0/9 OnE S ˆ 0, 2, . . . , z zn
009 ZNGNEVRAN GQN S]GQ NUNVNAG BO w zRwPBAwU VwGERK [X wF

µX,i ˆ
2u

∫

%µi + 00yu.β ·
√
√z

iˆ0

∫

%µi + 00yu.β
(

.

019 dAz OnE
029 ZNGNEVRAN GQN swHFFRwA ABRFN yBIwERwAyN wF 1� ˆ %k[−0

�
%kj –

0W9 dUFd
049 ZNGNEVRAN GQN swHFFRwA ABRFN yBIwERwAyN wF 1� ˆ ˜

√z
iˆ0

%µi + zy¯.˜2u¯ · Bz–
059 dAz RO
069 eHGCHG# swHFFRwA yBIwERwAyN VwGERK 1�–

�G w QRPQ UNINUfi �UPBERGQV 0 FQBJF w JwL GB NFGRVwGN xBGQ GQN NRPNAINyGBEF wAz GQN FCNyGEHV ’NRPNAIwUHNF?
BO GQN yBIwERwAyN VwGERK 1C˜n¯ ’URANF 5]6?fi JQRyQ wOGNEJwEzF zNGNEVRANF GQN ABRFN CwEwVNGNE 1� ’URANF Ú]05?
GB NAFHEN zNFRENz VHGHwU RAOBEVwGRBA HCCNE xBHAz ˜u+ β¯– uA GQN åEFG CwEGfi JN FRVCUL wCCUL GQN NRPNAIwUHN
wAz NRPNAINyGBEF BO GQN NVCRERywU yBIwERwAyN BxGwRANz xL GQN ENFHUGF BO l FRVHUwGRBAF wF GQN NFGRVwGRBAF BO
GQBFN BO GQN GEHN yBIwERwAyN VwGERK 1C˜n¯– uA GQN FNyBAz CwEG GB zNGNEVRAN GQN ABRFN �fi zNCNAzRAP BA GQN
NRPNAIwUHN PwC ’URAN 8?fi JN CENFNAG GJB zRfflNENAG HCCNE xBHAzF BO 1� wF NKCUwRANz UwGNE–

jQNBENV W CENFNAGF w PNANERy GEwzNBffl xNGJNNA ABRFNfi FwVCURAP yBVCUNKRGL wAz yBAåzNAyN– jQN EBUN BO y
RA �UPBERGQV 0 RF w FwON CwEwVNGNE GQwG CEBIRzNF w UBJNE xBHAz BA ABRFN– rEBV ’5?fi RA PNANEwUfi JN VwL HFN
w UwEPNE ABRFN ’UwEPNE y OBE UBBFNE ABRFN NFGRVwGRBA? GB CEBzHyN QRPQNE yBAåzNAyN ’FVwUUNE ,? PRINA URVRGNz
yBVCHGwGRBA CBJNE l OBE FwVCURAP wAz FRVHUwGRBA: BA GQN BGQNE QwAzfi xBGQ y wAz β ywA wUFB xN wExRGEwERUL
FVwUU CEBIRzNz FH3yRNAGUL VwAL FRVHUwGRBAF l GB CEBzHyN wyyHEwGN NABHPQ NFGRVwGRBA–

jQN VwRA ENwFBA OBE GQN ANNz GB NFGRVwGN GQN NRPNAINyGBEF BO 1C˜n¯ RA �UPBERGQV 0 RF xNywHFN JN ANNz
GQN RAFGwAyN]xwFNz ABRFN GB åG GQN PNBVNGEL BO GQN NRPNAFCwyN BO 1C˜n¯– jQRF RF zRfflNENAG OEBV GQN wzINEFwERwU
JBEFG]ywFNfi FHyQ wF Zffi JQRyQ BAUL OByHFNF BA GQN VwPARGHzN BO FNAFRGRIRGL wAz wzzF RFBVNGERy ABRFN: RA f�o
fqRIwyLfi vN wzz wARFBGqBCRy ABRFNfi wF VHyg wF ANNzNz RA Nwyg zRqNyGRBA– jQN TNL RAGHRGRBA xNQRAz JQL JN
ywA NAFHEN wExRGEwERUL QRPQ yBAåzNAyN RF xNywHFN GQN BHGCHG zBVwRA BOL˜n¯ RF xBHAzNz wAz GQHFL˜n¯
RF RA w yNEGwRA FHx]swHFFRwA zRFGERxHGRBA JRGQ yBAyNAGEwGRBA PHwEwAGNNF ywCGHENz xL xBHAzNz Z– jQNENOBENfi
CEBIRzNz FH3yRNAGUL VwAL FRVHUwGRBAFfi JN ywA wCCEBKRVwGN GQN GEHN yBIwERwAyN VwGERK 1C˜n¯ JRGQ wExRGEwEL
CENyRFRBA JRGQ w VRUz wFFHVCGRBA BA GQN NRPNAIwUHN PwC–

uG RF ABGNz GQwG zNCNAzRAP BA GQN NRPNAIwUHN PwC zNåANz RA URAN 8 BO �UPBERGQV 0fi GQNEN wEN GJB ywFNF
BO CNEGHExwGRBA– mQNA GQN FRPAR[ywAG NRPNAIwUHNF BO 1C˜n¯ wEN zRFGRAyGfi GQNA OBE wExRGEwEL QRPQ yBAåzNAyN
˜0 − ,¯fi GQN zNGNEVRANz ABRFN yBIwERwAyN 1� VwGyQNF GQwG zNFyERxNz RA jQNBENV 2 PRINA UwEPN NABHPQ
lfi JQRyQ wUUBJF FNUNyGRBA BO FVwUU NABHPQ y– tBJNINEfi GQBHPQ GQN FCNyGEHV BO 1C˜n¯ ywA xN NFGRVwGNz
JRGQ wExRGEwEL QRPQ CENyRFRBAfi JN ywAABG NAFHEN w FwGRFåNz NRPNAINyGBE FCwyN wCCEBKRVwGRBA RA BHE yHEENAG

00



wAwULFRF OEwVNJBET JRGQBHG GQN wFFHVCGRBA BA GQN NRPNAIwUHN PwC– jB GQRF NAzfi RA GQN FCNyRwU ywFN JRGQBHG
GQN NRPNAIwUHN PwC PHwEwAGNNfi JN QwIN GB FJRGyQ GB w VBEN CNFFRVRFGRy CNEGHExwGRBA ’zNFyERxNz RA URAN 04 RA
�UPBERGQV 0?fi JQNEN GQN U1 ABEV BO GQN ABRFN RF GQNA NKCURyRGUL zRVNAFRBA zNCNAzNAGfi ]˜

√
z¯– uA CEwyGRyNfi

FHyQ w ywFN RF INEL EwENfi wAz JN UNwIN GQN RVCEBINVNAG BO �UPBERGQV 0 BE w GRPQGNE wAwULFRF wF wA BCNA
DHNFGRBA–

m71 hw�znlRMdz cdyQw�Rrl

mN CEByNNz GB yBAFRzNE GQN VBEN yBVCURywGNz ywFN JQNEN GQN VNyQwARFV L RF EwAzBVRMNzfi JQNEN GB xN
FCNyRåy JN HFN GQN OBEV L˜n, θ¯ wAz θ RF GQN EwAzBVANFF FNNz– sRINA FNUNyGRBA BO θfi L˜·, θ¯ xNyBVNF
zNGNEVRARFGRy– �F VNAGRBANz NwEURNEfi GB wAwULMN ID˜aQ:L˜n¯¯fi JN ywA FRVCUL yBVxRAN n\·aQ|fi GQN BGQNE
NUNVNAGF RA n JRGQBHG aQfi JRGQ θ wF EwAzBVANFF FNNzF– jQNENOBENfi JRGQBHG UBFF BO PNANEwURGLfi JN BAUL OByHF
BA GQN yBAGEBU BO ID˜n :L˜n¯+�¯– jQN EwAzBVANFF FNNz θ BO VNyQwARFVL RF EwAzBVUL FNUNyGNz OEBV w
FNG � ˆ ·θ0, θ1, . . . , θ·�·|– �F w FRVCUN PNANEwURMwGRBA BO jQNBENV 2fi JN QwIN GQN OBUUBJRAP xBHAz–

onEnUUwEL 1-

ID˜n :L˜n, θ¯+�˜θ¯¯ \ Zθ

TnP zNG˜Bz + 1C˜n,θ¯ · 1−0
�˜θ¯¯

2
. ’6?

tNqNfi vN wFFHVN w qwAzBV]FNNz zNCNAzNAG swHFFRwA ABRFN �˜θ¯fi vgNqN vgNA θ ˆ θ]fi � ∼ M ˜0,1�˜θ+¯¯.

YBEBUUwEL 1 HGRURMNF GQN OBUUBJRAP CEBCNEGRNF BO VHGHwU RAOBEVwGRBA–

ID˜θ,L˜n, θ¯:n¯ ˆ ID˜θ:n¯+ID˜L˜n, θ¯:n {θ¯ ˆ ID˜L˜n, θ¯:n {θ¯:

ID˜θ,L˜n, θ¯:n¯ ˆ ID˜L˜n, θ¯:n¯+ID˜θ:n {L˜n : θ¯¯ ≥ ID˜L˜n, θ¯:n¯.

jQNENOBENfi ID˜n :L˜n, θ¯ + �˜θ¯¯ RF HCCNE xBHAzNz xL ID˜n :L˜n, θ¯ + �˜θ¯{θ¯fi JQNEN PRINA θfi L RF
zNGNEVRARFGRy– jQHFfi JN ywA wCCUL GQN ENFHUGF BO iNyGRBA W–0 GB yBAGEBU NwyQ FHxywFN zNCNAzNAG BA GQN
FNUNyGRBA BO θfi wAz YBEBUUwEL 1 OBUUBJF FGEwRPQGOBEJwEzUL– tBJNINEfi GQNEN wEN GJB CBGNAGRwU URVRGwGRBAF BO
YBEBUUwEL 1– rREFGfi GQNEN yBHUz xN NKCBANAGRwUUL VwAL CBFFRxUN FNUNyGRBAF BO θ wAz NFGRVwGRBAF BA wUU 1C˜n,θ¯

yBHUz xN RAGEwyGwxUN– jQN BGQNE RFFHN RF GQwG ’6? RF GRPQG BAUL RO OBE PRINA θfiL˜n, θ¯ RF yBAyNAGEwGNz– tBJNINEfi
RA FBVN wCCURywGRBAF GQRF VwL ABG xN GEHN– eAN NKwVCUN RF ABA]yBAINK BCGRVRMwGRBAfi N–P–fi JN EHA isZ RA
zNNC UNwEARAP– uO GQN PNANEwURMwGRBA NEEBE RF FVwUUfi GQN PUBxwU zRFGERxHGRBAF BOL˜n, θ¯ wAzL˜n |, θ¯ OBE wAL
GJB ENCENFNAGwGRIN zwGwFNGF n wAz n | yBHUz xN INEL yUBFNfi xHG zRfflNENAG n JRGQ zRfflNENAG EwAzBVANFF VwL
yBAINEPN GB INEL zRfflNENAG UBywU VRARVw– jQNENOBENfi JN CEBCBFN wA wUGNEAwGRIN wCCEBwyQ wF �UPBERGQV 1 wAz
RGF FNyHERGL CEBBO RF FQBJA RA jQNBENV 4–

uA �UPBERGQV 1fi JN ANNz GQN OBUUBJRAP zNåARGRBA BOVRARVwU]CNqVHGwGRBA zRFGwAyN– jQN VRARVwU]CNEVHGwGRBA
zRFGwAyN xNGJNNA GJB T]xUByT INyGBEF I wAz a RF zNåANz wF MW˜I, a¯ ˆ lg�W

√

i !I˜S¯− a˜W˜S¯¯!1.T, JQNEN
I˜S¯ wAz a˜S¯ ENCENFNAG GQNRE S]GQ xUByTFfi ENFCNyGRINULfi wAz W RF FBVN CNEVHGwGRBA BA GQN xUByT RAzNK )0 # T+–

SgdnEdl 4- �FFHVN GgwGL˜n, θ¯ ∈ Pz wAz !L˜n, θ¯!1 \ Z OBq FBVN yBAFGwAG Zfi wAz vN wCCUL �UPBqRGgV
1 GB BxGwRA GgN swHFFRwA ABRFN yBIwqRwAyN 1� OBq w FCNyR[Nz VHGHwU RAOBqVwGRBA xBHAz u- jgNAfi RO

·�·
τ RF wA

RAGNPNqfi vgNqN {�{ RF GgN GBGwU AHVxNq BO GgN qwAzBVANFF FNNzF BOL˜·, θ¯ wAz τ RF GgN AHVxNq BO FNNzF FNUNyGNz
RA �UPBqRGgV 1fi wAz y RF w FwON CwqwVNGNq RA �UPBqRGgV 1fi BAN ywA NAFHqN GgwG ID˜n :L˜n, θ¯+�¯ \ u vRGg
yBA[zNAyN wG UNwFG 0− , BAyN

l ≥ 7Zl TnP˜0.,¯

y1
.

fqBBO- iNN �CCNAzRK q–

uA �UPBERGQV 1fi BHE TNL RzNw RF GB zB FwVCURAP BA GQN EwAzBVANFF FNNzF wyEBFF� EwGQNE GQwA wyyNFFRAP wUU
CBFFRxUN FNUNyGRBAF BO θ– iRVRUwE GB �UPBERGQV 0fi JN FNG w FwON CwEwVNGNE yfi JQRyQ yBHUz xN wExRGEwERUL FVwUUfi
GB UBJNE xBHAz GQN VwPARGHzN BO ABRFN wzzNz– sRINA y > 0fi yBVxRARAP GQN wFFHVCGRBA GQwG !L˜n, θ¯! \ Zfi

01



�UPnERGgl 1 ˜0− ,¯]YBAåzNAyN dBRFN ZNGNEVRAwGRBA BO hwAzBVRMNz cNyQwARFVL˜·, θ¯
09 uACHG9 � EwAzBVRMNz VNyQwARFVL˜·, θ¯ # � W → �

z
q fi θ ∈ �fi zwGw zRFGERxHGRBA �fi FwVCURAP yBVCUNKRGL

lfi VHGHwU RAOBEVwGRBA xBHAz ufi wAz FNyHERGL CwEwVNGNEF y wAz τ –
19 OnE T ˆ 0, 2, . . . ,l zn

29 rEBV zRFGERxHGRBA Cfi RAzNCNAzNAGUL FwVCUN n˜T¯
0 wAz n˜T¯

1 .

W9 hwAzBVUL FNUNyG τ FNNzFfi zNABGNz xL Y˜T¯ ˆ ·θ˜T¯0 , θ
˜T¯
1 , . . . , θ

˜T¯
τ |fi OEBV �–

49 YBVCHGN wAz ENyBEz
b˜T,0¯ ˆ

√

L˜n
˜T¯
0 , θ

˜T¯
0 ¯, . . . ,L˜n

˜T¯
0 , θ˜T¯τ ¯

(

,

b˜T,1¯ ˆ
√

L˜n
˜T¯
1 , θ

˜T¯
0 ¯, . . . ,L˜n

˜T¯
1 , θ˜T¯τ ¯

(

.

59 YBVCHGN VRARVwU]CNEVHGwGRBA zRFGwAyN ψ˜T¯ ˆ MW˜b
˜T,0¯,b˜T,1¯¯.

69 dAz OnE
79 YwUyHUwGN NVCRERywU VNwA (ψ ˆ

√V
Tˆ0 ψ

˜T¯
τ .l–

89 eHGCHG# swHFFRwA yBIwERwAyN 1� ˆ
(ψ[y
1u · Bz–

JN QwIN w INEL EBHPQ xHG HAROBEV HCCNE xBHAz BA ID˜n :L˜n, θ¯¯ OBE wAL CBFFRxUN zRFGERxHGRBAF BO n
wAz L˜n, θ¯– mRGQ GQRF OwyGfi RA NwyQ RGNEwGRBA RA �UPBERGQV 1fi JN RAzNCNAzNAGUL FwVCUN GJB zwGw RACHGF
(nT ˆ ·n˜T¯

0 ,n
˜T¯
1 |fi wAz Y˜T¯ ˆ ·θ˜T¯0 , . . . , θ

˜T¯
τ | wF w EwAzBV τ ]FHxFNG FNUNyGRBA BO θ– uG ywA xN CEBINz GQwG

ID˜n :L˜n, θ¯+�¯ \ Z (n=j(,X=j(,θ∈X=j(Cab
√

d
C˜n

=j(
0 ,θ¯[�

!d
C˜n

=j(
1 ,θ¯[�

(

, ’Ú?

jQHFfi RG FH3yNF GB yBAFRzNE w yBAzRGRBAwU UBywU zRFGERxHGRBA JQNA θ RF ENFGERyGNz GB GQN τ ]FHxFNG FNUNyGNz–
τ zBNF ABG RA,HNAyN GQN UBJNE xBHAz BO FwVCURAP yBVCUNKRGL l ENDHRENz– tBJNINEfi w UwEPNE τ fi JQRyQ wUFB
ENDHRENF QRPQNE yBVCHGwGRBAwU yBVCUNKRGL GB NIwUHwGN VBEN L˜n, θ¯fi JRUU CEBzHyN w GRPQGNE HCCNE xBHAz–
jQN ENwFBA xNQRAz GQRF RF GQwG GQN yBAzRGRBAwU FHx]FwVCUNz zRFGERxHGRBA JRGQ θ ∈ Y˜T¯ PNGF yUBFNE GB GQN PUBxwU
zRFGERxHGRBA JRGQ θ ∈ � wF τ RAyENwFNF– mN wFFHVN {�{.τ RF wA RAGNPNEfi R–N–fi JN ywA FCURG � RAGB VHUGRCUN
τ ]FHxFNGFfi GB NAwxUN GQN wCCURywGRBA BO VRARVwU]CNEGHExwGRBA zRFGwAyN MW ’bNVVw 5 RA �CCNAzRK q RA GQN
OHUU INEFRBA? GB PRIN w GRPQGNE HCCNE xBHAz BO GQN BxSNyGRIN ab]zRINEPNAyN GB NFGRVwGN–

tBJNINEfi OBE wAL CEBCNE FNUNyGRBA BO τ fi GQN HCCNE xBHAz ’Ú? wUJwLF QBUzF– jQHFfi BAyN JN QwIN w QRPQ]
yBAåzNAyN NFGRVwGRBA BO GQN NKCNyGwGRBA BA GQN ERPQG FRzN BO ’Ú?fi JN wUFB BxGwRA w QRPQ]yBAåzNAyN HCCNE
xBHAz BA GQN BxSNyGRIN ID˜n :L˜n, θ¯+�¯– rHEGQNEfi ENywUU GQwG ab]zRINEPNAyN xNGJNNA d

C˜n
=j(
0 ,θ¯[�

wAz

d
C˜n

=j(
1 ,θ¯[�

OBE θ ∈ Y˜T¯ RF wUJwLF xBHAzNz PRINA y > 0 wAz xBHAzNz Z– jQNENOBENfi GQEBHPQ R–R–z– FwVCURAPfi

JN ywA FRVCUL HFN GQN NVCRERywU VNwA GB wCCEBKRVwGN GQN NKCNyGwGRBA JRGQ w QRPQ CEBxwxRURGL xBHAz–
XNOBEN GQN NAz BO GQRF FNyGRBAfi JN QwIN FBVN yBVVNAGF BA GQN yBVCHGwGRBA yBVCUNKRGL BO �UPBERGQVF

0 wAz 1– �F VNAGRBANz xNOBENfi GQN zNGNEVRARFGRy L RF w FCNyRwU ywFN BO GQN EwAzBVRMNz CEByNFFRAP wAz
�UPBERGQV 1 wUFB wCCURNF GB GQN zNGNEVRARFGRyL JQNEN JN VwL IRNJ� wF BAUL yBAGwRARAP w FRAPUN EwAzBVANFF
FNNz– �F w yBVCwERFBAfi �UPBERGQV 0 ENDHRENF e˜z[g�o˜0.,¯

y1 ¯ FRVHUwGRBA GERwUFfi JQRUN �UPBERGQV 1 BAUL ENDHRENF

e˜ g�o˜0.,¯y1 ¯ FRVHUwGRBA GERwUF– tNENfi JN wFFHVN GQN CwEwVNGNEF Z wAz β wEN wUU yBAFGwAGF– jQN ENwFBA xNQRAz
GQN zNCNAzNAyN BA GQN zRVNAFRBAwURGL z RA �UPBERGQV 0 RF xNywHFN GB yQwEwyGNERMN GQN BCGRVwU swHFFRwA ABRFNfi
JN ANNz GB NFGRVwGN GQN CBJNE BO BHGCHG zRFGERxHGRBAL˜n¯ RA NwyQ zRENyGRBA RA Pzfi ywCGHENz xL GQN FCNyGEHV
BO 1C˜n¯– jQBHPQ GQN NFGRVwGRBA BA U1]ABEV xwFNz ’VRARVwU]CNEVHGwGRBA? zRFGwAyN RF VBEN N3yRNAGfi wF
w GEwzNBfflfi GQN ABRFN HCCNE xBHAz CEBzHyNz xL �UPBERGQV 1 RF UBBFNEfi ]˜

√
z¯fi JRGQ w FGERyG zNCNAzNAyN BA

z– mN JRUU PRIN w yBAyENGN NKwVCUN OBE GQRF PwC xNGJNNA GQN ABRFN xBHAz zNERINz OEBV �UPBERGQV 0 wAz
�UPBERGQV 1 RA qKwVCUN 2– mN UNwIN w VBEN PNANERy GEwzNBffl xNGJNNA GQN FRVHUwGRBA N3yRNAyL wAz ABRFN
yBAGEBU GB OHGHEN JBET–
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�UPnERGgl 2 ˜0− ,¯]YBAåzNAyN lNERåywGRBA BO fNEGHExwGRBA fEBCBFwU
09 uACHG9 � EwAzBVRMNz VNyQwARFVL˜·, θ¯ # � W → �

z
q fi θ ∈ �fi � W ˆ ·n0,n1, . . . ,nd|fi w CNEGHExwGRBA

CEBCBFwU �˜n, θ¯ ∼ g˜n, θ¯fi FwVCURAP yBVCUNKRGL lfi FNyHERGL CwEwVNGNEF yfi τ0, τ1 wAz τ2–
19 OnE T ˆ 0, 2, . . . ,l zn

29 hwAzBVUL FwVCUN τ0 FNUNyGRBAF BO n OEBV � Wfi zNABGNz xL (n˜T,0¯ ˆ ·n˜T,0¯
0 , . . . ,n

˜T,0¯
τ0 |, wAz RAzNCNA]

zNAGUL FwVCUN wABGQNE τ1 FNUNyGRBAF BO n fi zNABGNz xL (n˜T,1¯ ˆ ·n˜T,1¯
0 , . . . ,n

˜T,1¯
τ1 |.

W9 hwAzBVUL FwVCUN τ2 FNUNyGRBAF BO θ OEBV �fi zNABGNz xL Y˜T¯ ˆ ·θ˜T¯0 , θ
˜T¯
1 , . . . , θ

˜T¯
τ2 |.

49 ZNåAN GJB FNGF BO zRFGERxHGRBAF OBE RAzNCNAzNAG �y ∼ M ˜0, y · Bz¯fi

d
˜T,0¯
Q ˆ

τ2
∑

iˆ0

0

τ2
·
√

d
C˜n

=j,0(
N ,θ

=j(
i ¯[�˜n

=j,0(
N ,θ

=j(
i ¯[�t

(

, h ˆ 0, 2, . . . , τ0,

d
˜T,1¯
k ˆ

τ2
∑

iˆ0

0

τ2
·
√

d
C˜n

=j,1(
k

,θ
=j(
i ¯[�˜n

=j,1(
k

,θ
=j(
i ¯[�t

(

, U ˆ 0, 2, . . . , τ1.

59 YBVCHGN GQN wINEwPN BO ab]zRINEPNAyNFfi

ψ˜T¯ ˆ

τ0
∑

Qˆ0

√ 0

τ0
·Cab˜d˜T,0¯Q !

τ1
∑

kˆ0

0

τ1
· d˜T,1¯k ¯

(

. ’0/?

69 dAz OnE
79 YwUyHUwGN NVCRERywU VNwA (ψ ˆ

√V
Tˆ0 ψ

˜T¯.l–
89 eHGCHG# (ψ–

m72 invwDzr eosRlwT OdDstDawsRn�

jQN wUPBERGQVF CENFNAGNz FB OwE wUU CEBzHyN yBAFNEIwGRIN xBHAzF BO CNEGHExwGRBA– uAzNNzfi NINA OBE VNwA
NFGRVwGRBAfi JN JRUU FQBJ ’qKwVCUN 4 RA iNyGRBA 5? GQwG GQN PwC xNGJNNA GQN CEBCBFNz wAz GQN BCGRVwU
CNEGHExwGRBA yBHUz xN wFLVCGBGRywUUL UwEPN– uAzNNzfi RA xBGQ �UPBERGQVF 0 wAz 1fi GQN CEBCBFwU BO CNEGHExwGRBA
zRFGERxHGRBA d� BO ABRFN � RF RAzNCNAzNAG BO GQN FNUNyGRBAF BO RACHG FNUNyGRBA n wAz EwAzBVANFF FNNz θfi JQRUN
GQN BCGRVwU CNEGHExwGRBA yBHUz xN zNCNAzNAG BA xBGQ– jQNBENGRywUULfi JN ywA zNåAN GQN BCGRVwU CNEGHExwGRBA
CEBxUNV wF OBUUBJF–

pd)ARGRnA 8 ’eCGRVwU fNEGHExwGRBA?- sRINA w zwGw PNANqwGRBA zRFGqRxHGRBA �fi w VNygwARFV L˜·, θ¯fi wA
BxSNyGRIN VHGHwU RAOBqVwGRBA xBHAz ufi wAz w CNqGHqxwGRBA FygNVN � RA w OBqV GgwG �˜n, θ¯ ∼ gW˜n, θ¯fi
R-N-fi � RF PNANqwGNz OqBV zRFGqRxHGRBA gW˜n, θ¯ PRINA FNUNyGRBAF BO n wAz θfi vN ywUU GgN ABRFN zRFGqRxHGRBA
gW˜n, θ¯ BCGRVwU v-q-G- ˜�,L,H¯ OBq FBVN UBFF OHAyGRBA Hfi RO

gW˜n, θ¯ ˆ upP g�x
f
Zn,θ,�∼fH

√

�˜n, θ¯
(

,

r.G. ID
√

n :L˜n, θ¯+�˜n, θ¯
(

\ u.
’8?

eCGRVwU CNEGHExwGRBA yQwEwyGNERMNF GQN UNwFG ABRFN ’VNwFHENz xL UBFF OHAyGRBA H? GQwG JN QwIN GB wzz
GB wyQRNIN GQN ENDHRENz VHGHwU RAOBEVwGRBA xBHAz u– rBE NKwVCUNfi RA VwAL wCCURywGRBAFfi JN wEN VwRAUL
yBAyNEANz JRGQ GQN NKCNyGNz U1 ABEV BO CNEGHExwGRBAfi JQNEN H˜X˜n, θ¯¯ ˆ !X˜n, θ¯!1. jQBHPQ w PNANERy
N3yRNAG FBUHGRBA GB åAz GQN BCGRVwU CNEGHExwGRBA VwL ABG NKRFGfi JN CENFNAG w CqBCBFN]GgNA]INqROL OEwVNJBET
GB wCCEBKRVwGN GQN BCGRVwU FBUHGRBA– mRGQBHG UBFF BO PNANEwURGLfi JN yBAFRzNE GQN PNANERy FNGHC JQNENL˜·, θ¯fi
θ ∈ �fi yBHUz xN EwAzBVRMNz wAz JN yBAFRzNE wA NDHRIwUNAG zRFyENGN zwGw PNANEwGRBA CEByNzHEN GB EwAzBVUL
FNUNyG n OEBV w FNG � W ˆ ·n0,n1, . . . ,nd| BO FRMN d fi JQNEN GQN nQF wEN ABG ANyNFFwERUL wUU zRFGRAyG–

SgdnEdl 5- �FFHVN GgwGL˜n, θ¯ ∈ Pz wAz !L˜n, θ¯!1 \ Z OBq FBVN yBAFGwAG Zfi wAz OBq wAL CNqGHqxwGRBA
CqBCBFwU g˜n, θ¯fi �˜n, θ¯ ∼ g˜n, θ¯fi vN wCCUL �UPBqRGgV 2 GB BxGwRA (ψ- jgNAfi RO d

τ1
wAz ·�·

τ2
wqN RAGNPNqFfi

0W



BAN ywA NAFHqN GgwG ID
√

n :L˜n, θ¯+�˜n, θ¯+�y¯ \ (ψ+β OBq wA RAzNCNAzNAG swHFFRwA ABRFN BO GgN OBqV
�y ∼ M ˜0, y · Bz¯ vRGg yBA[zNAyN wG UNwFG 0− , vgNA

l ≥ 2 TnP˜0.,¯

β1
·
√

˜2Z1.y¯1.τ0 + β.2 · ˜2Z1.y¯
(

.

fqBBO- iNN �CCNAzRK r–

uA �UPBERGQV 2fi JN ywA PRIN w QRPQ]yBAåzNAyN yUwRV BA GQN FNyHERGL CwEwVNGNEF CEBzHyNz xL wAL CNEGHExw]
GRBA CEBCBFwU g˜n, θ¯– uA CEwyGRyNfi JQNA RACHG FNG n RF UwEPN wAz ENCENFNAGwGRIN NABHPQfi wAz GQN VNyQwARFV
L ywA FGwxUL UNwEA CBCHUwGRBAwU RAOBEVwGRBA OEBV n fi GQN zRFGERxHGRBAF BO L˜n¯ JBHUz xN yUBFN GB NwyQ
BGQNE OBE VBFG FNUNyGRBAF BO n – jQNENOBENfi wA NVCRERywU wCCEBKRVwGRBA OEwVNJBET BO BCGRVwU CNEGHExwGRBA
ywA xN zNFyERxNz wF OBUUBJF–

0– mN OBUUBJ iGNCF 2]4 RA �UPBERGQV 1 GB FwVCUN wAz NIwUHwGN BA FBVN UwEPN NABHPQ FNGF JRGQ ENFCNyG GB
GQN FNUNyGRBAF BO n wAz θfi ENFCNyGRINULfi wAz BCGRVRMN GQN ABRFN zRFGERxHGRBA GB VRARVRMN RGF H UBFF RA ’8?
FHyQ GQwG GQN NFGRVwGNz zRINEPNAyN zNåANz RA ’0/? RF FVwUUNE GQwA ˜0.e˜0¯¯ · u– tNENfi u RF GQN zNFRENz
VHGHwU RAOBEVwGRBA xBHAz–

1– fEBIRzNz GQN UBywUUL]BCGRVRMNz ABRFN CEBCBFwU %gfi JN ywA wCCUL �UPBERGQV 2 GB GNFG %g– uO � ∼ %g zBNF
ABG CEBzHyN GQN zNFRENz VHGHwU RAOBEVwGRBA xBHAz ufi JN wzSHFG � ∼ %g RA w OBEV � +�αfi JQNEN �α

RF wA RAzNCNAzNAG swHFFRwA ABRFN BO GQN OBEV M ˜0, α · Bz¯– mN GQNA CNEOBEV xRAwEL FNwEyQ BA α IRw
�UPBERGQV 2 HAGRU JN åAz w CEBCNE IwUHN–

4 oBlCBFRGRBA

uA GQRF FNyGRBAfi JN FGHzL GQN yBVCBFRGRBA BO f�Y fERIwyL– YBVCBFRGRBA RF wA RVCBEGwAG ENDHRENVNAG BO w
CEwyGRywU FNyHERGL zNåARGRBA– iRAyN GQN CERIwyL UBFF BO wAL ENUNwFN ywAABG xN ENIBTNzfi RG RF ANyNFFwEL GB TNNC
GEwyT BO GQN wyyHVHUwGNz UNwTwPN– uzNwUULfi GQN ENFCNyGRIN CERIwyL UBFF BO VHUGRCUN ENUNwFNF RF NKCNyGNz GB xN
wAwULGRywUUL wPPENPwGNz GB CEBzHyN wA HCCNE xBHAz BA GQN wyyHVHUwGNz UBFF RAyHEENz– rBE NKwVCUNfi RG RF
JNUU TABJA GQwG OBE GJB VNyQwARFVFL0 wAzL1fi JQRyQ NwyQ FwGRFOL ˜ǫ], >]¯]Zf wAz HFN RAzNCNAzNAG EwA]
zBVANFFfi GQN yBVCBFRGN VNyQwARFV (L˜n¯ ˆ

√

L0˜n¯,L1˜n¯
(

GQNA FwGRFåNF ˜2ǫ], 2>]¯]Zf– mRGQ wzIwAyNz
yBVCBFRGRBAfi BAN VwL BxGwRA w FQwECNANz xBHAz =e˜

√
j TnP >|ǫ],j>] + >

|¯]Zf OBE w OENN CwEwVNGNE >| > 0
wOGNE w j ]OBUz yBVCBFRGRBA BO VNyQwARFVF NwyQ FwGRFOLRAP ˜ǫ], >]¯]Zf–

YBVCBFRGRBA wUFB CUwLF wA RVCBEGwAG EBUN RA w yUwFFRy CERIwyL ENPRVNfi NFCNyRwUUL OBE Zffi GB wAwULMN
yBVCURywGNz wUPBERGQVF– �F VNAGRBANz xNOBENfi FRAyN GQN JBEFG]ywFN FNAFRGRIRGL RF QwEz GB yBVCHGNfi RA PNANEwUfi
GB NAwxUN ABA]GERIRwU CERIwyL wAwULFRFfi w yBVCUNK wUPBERGQV HFHwUUL ANNzF GB xN wEGRåyRwUUL zNyBVCBFNz RAGB
VHUGRCUNfi ENUwGRINUL FRVCUNE BCNEwGRBAF– YBVCBFRGRBA GQNA CEBIRzNF w JwL GB HCCNE xBHAz GQN NAGREN UNwTwPN xL
wPPENPwGRAP CNE]BCNEwGRBA CERIwyL UBFF– Zf]isZfi BAN BO GQN VBFG JRzNUL]wCCURNz Zf BCGRVRMwGRBA VNGQBzFfi
RF wA NKwVCUN– jQN Zf wAwULFRF RF zNINUBCNz RA w yBVCBFRGRBAwU OwFQRBA JQNEN RG RF CNFFRVRFGRywUUL wFFHVNz
GQwG RAGNEVNzRwGN PEwzRNAGF wyEBFF NwyQ RGNEwGRBA wEN ENUNwFNz– jQN NAGREN RGNEwGRIN BCGRVRMwGRBA RF GQHF
zNyBVCBFNz RAGB VHUGRCUN CNE]FwVCUN PEwzRNAG wPPENPwGRBAF )0fl– �yyBEzRAPULfi GQN Zf yBVCBFRGRBA ENFHUG wUFB
FQBJF w FRVCUN JwL GB zNGNEVRAN GQN FywUN BO ABRFN ENDHRENzfi JQRyQ RAyENwFNF wF =e˜

√
j ¯ GB CEBzHyN w åKNz

CERIwyL PHwEwAGNN–
tBJNINEfi JN QwIN GB FGENFF GQwG RA Zffi GQN wxBIN zNFyERxNz ENFHUGF BAUL QBUz JQNA GQN EwAzBVANFF RA

zRfflNENAG VNyQwARFVF RF RAzNCNAzNAG– jQRF URVRGwGRBA VwTNF GRPQG ZRfflNENAGRwU fERIwyL RA VwAL wCCURywGRBAF
RAGEwyGwxUN– rBE NKwVCUNfi ROL)09j + ENCENFNAG j FNDHNAGRwU CEByNFFRAPF BA FHxFwVCUNz zwGw OEBV GQN FNAFRGRIN
n FNG xHG GQN FHxFwVCURAP FyQNVNF RA zRfflNENAG L)09j + wEN yBEENUwGNzfi GQNA VBEN RAIBUINz yBVCBFRGRBAwU
wAwULFRF RF ANNzNz– uA yBVCwERFBAfi BHE f�Y fERIwyL wAwULFRF OEwVNJBET ywA RAzNNz QwAzUN yBVCBFRGRBA
BO wExRGEwEL ’CBFFRxUL yBEENUwGNz? VNyQwARFVF– XNFRzNFfi f�Y fERIwyL wUUBJF HF GB VNwFHEN GQN NAz]GB]NAz
CERIwyL UNwTwPN BO GQN BHGCHG OEBV wA wExRGEwEL ’xUwyT]xBK?L– jQNENOBENfi GQNEN RF AB ANNz GB wEGRåyRwUUL
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zNyBVCBFN wA wUPBERGQV wAz yBAGEBU UNwTwPN FGNC]xL]FGNC– jQRF RF BAN TNL zRfflNENAyN yBVCwENz GB Zf# JN
HFN yBVCBFRGRBA RA f�Y fERIwyL BAUL JQNA VHUGRCUN ENUNwFNF wEN ANyNFFwEL–

mN åEFG yBAFRzNE GQN FRVCUNFG ywFN OBE j VNyQwARFVFL)09j + JQNEN GQN zwGw PNANEwGRBA wAz EwAzBVANFF
wEN xBGQ RAzNCNAzNAG– XL GQN yQwRA EHUN BO VHGHwU RAOBEVwGRBAfi JN GQNA QwIN GQN OBUUBJRAP NDHwGRBAfi

ID˜n)09j +:L0˜n0, θ0¯, . . . ,Lj ˜nj , θj ¯¯ ˆ

j
∑

Gˆ0

ID˜nG:LG˜nG, θG¯¯, ’00?

JQRyQ FGwGNF GQwG VHGHwU RAOBEVwGRBA ywA xN FRVCUL FHVVNz– jQNENOBENfi xL CUHPPRAP
√j

Tˆ0ID˜nT:LT˜nT¯¯
RAGB ’1? RA jQNBENV 0fi JN ywA BxGwRA wA HCCNE xBHAz BA GQN CBFGNERBE wzIwAGwPN 9ab>fi wAz wyyBEzRAPUL w
UBJNE xBHAz BO >–

dBJfi JN GHEA GB yBAFRzNE GQN VBEN PNANERy FyNAwERB JQNENL)09j + wCCUL RAzNCNAzNAG EwAzBVANFFNF xHG
FQwEN GQN FwVN RACHG n PNANEwGNz OEBV �– kAOBEGHAwGNULfi ’00? zBNF ABG QBUz wALVBEN RA GQRF FNGHC wAz
VHGHwU RAOBEVwGRBA zBNF ABG NASBL w GERwAPUN RANDHwURGL# ID˜n :L0˜n¯,L1˜n¯¯ RF ABG HCCNE xBHAzNz xL
ID˜n :L0˜n¯¯+ID˜n :L1˜n¯¯ RA PNANEwU– jQRF RF wUFB GEHN OBE VBFG BGQNE FNUNyGRBAF BO O ]zRINEPNAyN wAz
GQHF f�Y fERIwyLfi RA PNANEwUfi ywAABG xN FRVCUL FHVVNz HC GB CEBzHyN wA HCCNE xBHAz– rBEGHAwGNULfi JN
JRUU FQBJ xNUBJ GQwG GQN HCCNE xBHAz BA VHGHwU RAOBEVwGRBA FGHzRNz RA �UPBERGQV 1 wAz jQNBENV 4 ywA
xN FRVCUL FHVVNz HC GB OBEV w ANJ xBHAz HAzNE GQN yBVCBFRGRBA– uA BGQNE JBEzFfi GQN f�Y fERIwyL
BO CERIwGRMNz wUPBERGQVF HFRAP GQN CEBCBFNz wHGBVwGRy wAwULFRF OEwVNJBET zBNF NASBL w FRVCUN FHVVwxUN
yBVCBFRGRBA xBHAz–

SgdnEdl 6- rBq wqxRGqwqL j VNygwARFVF LG˜n, θG¯fi G ˆ 0, 2, . . . ,j fi vgBFN qwAzBVANFF FNNzF θG wqN RAzN]
CNAzNAGUL FNUNyGNzfi wAz zwGw PNANqwGRBA n ∼ Cfi RO IRw �UPBqRGgV 1fi OBq Nwyg LG w ABRFN �G RF zNGNqVRANz
wAz RAzNCNAzNAGUL PNANqwGNz FHyg GgwG vRGg yBA[zNAyN ˜0− ,G¯fi ID˜n :LG˜n, θG¯¯ \ uGfi GgNA vRGg yBA[zNAyN
˜0−√j

Gˆ0 ,G¯fi ID˜n :L0˜n, θ0¯, . . . ,Lj ˜n, θj ¯¯ \
√j

Gˆ0 uG.

fqBBO- iNN �CCNAzRK s–

rEBV jQNBENV 6fi JQNA GQN VNyQwARFVF c)09j + wEN RzNAGRywUfi JN ANNz GB RAyENwFN GQN ABRFN xL w OwyGBE
wG VBFG

√
j GB NAFHEN GQN FwVN xBHAz BO GQN j ]yBVCBFRGN VHGHwU RAOBEVwGRBA yBVCwENz GB GQN ywFN BO

w FRAPUN VNyQwARFV– XNOBEN CEByNNzRAPfi JN QwIN FNINEwU RVCBEGwAG ENVwETF– qINA RO BAN zBNF ABG TABJ
GQN VNyQwARFVF GB xN yBVCBFNz RA wzIwAyNfi BAN ywA yQBBFN uG OBE NwyQ LG RA wA BAURAN OwFQRBA wAz HFN
�UPBERGQV 1 GB zNGNEVRAN wCCEBCERwGN ABRFN OBE NwyQ NKCBFHEN– jQBHPQ GQN yBVCBFRGRBA xBHAz RA jQNBENV
6 RF FRVCUNfi GRPQGNE wAwULFRF NKRFGF HFRAP GQN CEBCBFNz wHGBVwGRy OEwVNJBET– uG RF ABGNz GQwG BAN ywA wUJwLF
xHRUz w ANJ SBRAG VNyQwARFV (L JQRyQ BHGCHGF

√

L0˜n, θ0¯, . . . ,Lj ˜n, θj ¯
(

fi wAz FRVCUL wCCUL �UPBERGQV
1 BA (L ’BE �UPBERGQV 0 RA GQN zNGNEVRARFGRy ywFN?–

uA GQN OBUUBJRAPfi JN VBIN BA GB GQN NINA VBEN PNANERy ywFN OBE wzwCGRIN yBVCBFRGRBA JRGQ yBEENUwGNz
EwAzBVANFF– mN yBAFRzNE j VNyQwARFVFL)09j + JQRyQ wEN RVCUNVNAGNz RA w FNDHNAGRwU VwAANE JRGQ CBFFRxUL
yBEENUwGNz FNUNyGRBA BO EwAzBVANFF FNNzF– cBEN OBEVwUULfi GQN BHGCHGLG˜n, θG,Li˜n, θi¯, S ˆ 0, 2, . . . , G− 0¯
RF zNåANz xL n fi GQN EwAzBVANFF θGfi wAz GQN CENIRBHF BHGCHGF Li˜n, θi¯ OBE S ˆ 0, 2, . . . , G − 0– mRGQBHG
UBFF BO PNANEwURGLfi RA GQN OBUUBJRAPfi JN HFN LG˜n, (θG¯ GB zNABGN GQN G]GQ VNyQwARFV JQNEN (θG ˆ ˜θ0, . . . , θG¯
ENCENFNAGF GQN SBRAG EwAzBVANFF FNNz wAz θG VwL xN FNUNyGNz zNCNAzNAG BA (θG−0– eA GQN BGQNE QwAzfi JN wEN
PRINA w FNDHNAyN BO CERIwyL xHzPNGF u] ˆ 0 < u0 < u1 < . . . < uj wAz BHE PBwU RF GB NAFHEN GQwG OBE wAL
G ˆ 0, 2, . . . ,j fi GQN wyyHVHUwGNz CERIwyL UBFF VNwFHENz wF VHGHwU RAOBEVwGRBA RF HCCNE xBHAzNz xL uG JRGQ
QRPQ yBAåzNAyN–

jB GQRF NAzfi JN CEBCBFN wA BAURAN RVCUNVNAGwGRBA BO �UPBERGQV 1 zNFyERxNz wF �UPBERGQV W– jQN TNL
RzNw RF FGRUU GB RAyENVNAGwUUL wPPENPwGN NKRFGRAP VNyQwARFVF GB OBEV w SBRAG BANfi GQwG JN ywA wCCUL FRVRUwE
GNyQARDHNF RA �UPBERGQV 1 GB wAwULMN– �UPBERGQV W QwF wA RARGRwURMwGRBA FGNC ’URANF 1]5? JQNEN l RACHG CwREF

˜n
˜T¯
0 ,n

˜T¯
1 ¯, T ˆ 0, 2, ...,lfi wEN EwAzBVUL PNANEwGNz OEBV �fi wAz OBE NwyQ CwRE JN FNUNyG τ EwAzBVANFF FNNzF

(θ
˜T¯
0,k fi U ˆ 0, 2, . . . , τ fi OBEL0 ’URANF 2]W?– uA GQN BAURAN CQwFNfi OBE FGNCF G > 0fi JN PNANEwGN ANJ EwAzBVANFF FNNzF
(θ
˜T¯
G,k yBAzRGRBAwU BA

(θ
˜T¯
G−0,k zNGNEVRANz CENIRBHFUL ’URAN 8? wAz yBAGRAHN GQN FRVHUwGRBAF BA ANJUL]RAyBVRAPLG

BINE GQN FwVN l RACHG CwREF FNUNyGNz ’URAN 00?– jQRF FwINF yBVCHGwGRBAfi wIBRzRAP ENNIwUHwGRAP L)09G−0+ BA
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OENFQ FwVCUNF wAz EwAzBVANFF– sRINA CENIRBHF ABRFN FyQNVNF �)09˜G−0¯+ zNGNEVRANz xL �UPBERGQV W FHyQ
GQwG ID˜n :L0˜n, (θ0¯+�0, . . . ,LG−0˜n, (θG−0¯+�G−0¯ \ uG−0fi JN ywA wUJwLF zNGNEVRAN FBVN RAzNCNAzNAG
swHFFRwA ABRFN �G FHyQ GQwG

ID˜n :L0˜n, (θ0¯+�0, . . . ,LG−0˜n, (θG−0¯+�G−0,LG˜n, (θG¯+�G¯ \ uG,

OBE wAL uG > uG−0 JRGQ QRPQ yBAåzNAyN– jQN OBUUBJRAP GQNBENV zNFyERxNF GQN GEwzNBffl xNGJNNA GQN yBAåzNAyN
UNINU wAz FwVCURAP yBVCUNKRGL–

SgdnEdl 7- �FFHVN GgwG LG˜n, (θG¯ ∈ Pz wAz !LG˜n, (θG¯!1 \ Z HAROBqVUL OBq FBVN yBAFGwAG Zfi OBq
G ˆ 0, 2, . . . ,j fi wAz vN wCCUL �UPBqRGgV W vgRyg qNGHqAF w FNDHNAyN BO swHFFRwA ABRFN yBIwqRwAyNF 1�r
RA wA BAURAN FNGHC- jgNAfi BAN ywA NAFHqN GgwG ID˜n :L0˜n, (θ0¯ + �0, . . . ,LG˜n, (θG¯ + �G¯ \ uG OBq wAL

G ˆ 0, 2, . . . ,j , vRGg yBA[zNAyN wG UNwFG 0− , BAyN l ≥ 4q� g�o˜j.,¯
y1 - y wF xNOBqN RF w FNyHqRGL CwqwVNGNq-

fqBBO- iNN �CCNAzRK t–

�F w åAwU ENVwETfi GQBHPQ GQN zNGNEVRARFGRy wUPBERGQV RF w FCNyRwU ywFN BO GQN EwAzBVRMNz wUPBERGQV
’JRGQ w FRAPUN EwAzBVANFF FNNz wF zRFyHFFNz NwEURNE? wAz JN ywA wUJwLF HFN �UPBERGQV 1 OBE CERIwyL wAwULFRFfi
�UPBERGQV 0 ywA HFHwUUL CEBzHyN GRPQGNE ABRFN xBHAzF– tBJNINEfi GQN yBVCBFRGRBA BO GQN f�Y fERIwyL
ENFHUG zNERINz OEBV �UPBERGQV 0 RF VBEN RAIBUINzfi JQRyQ zNCNAzF BA GQN NRPNAFCwyN NFGRVwGNz– mN UNwIN GQN
PNANEwURMwGRBA BO jQNBENV 6 OBE �UPBERGQV 0 wF wA BCNA CEBxUNV– tBJNINEfi JRGQ FRVHUwGRBAF BA RAyENVNAGwUUL
wPPENPwGNz VNyQwARFVF GB xN yBVCBFNzfi BAN ywA FRVRUwEUL xHRUz wA BAURAN INEFRBA BO �UPBERGQV 0 GB zNGNEVRAN
GQN CNEGHExwGRBA FNDHNAGRwUUL PRINA RAyENwFRAP CERIwyL xHzPNG OBE yBVCBFRGRBA–

DKwlCUd 1 ’YBVCBFRGRBA?- mN GwTN GgN tBFCRGwU zwGwFNG OqBV cwGgvBqTF iwVCUN 1 wF wA NKwVCUN- jgRF FNG
yBAGwRAF GgN qNyBqzF BO 0// CwGRNAGF wAz vN yBAFRzNq GvB VNygwARFVFL0 wAzL1 vgRyg qNGHqA GgN wINqwPN
BO wPNFfi vNRPgGfi wAz GgN wINqwPN BO xUBBz CqNFFHqN qwAPNfi qNFCNyGRINUL- mN yBAFRzNq qwAzBVUL FNUNyGRAP 4/
RAzRIRzHwU FwVCUNF GB OBqV GgN RACHG n wAz IRw �UPBqRGgV 1 vN ANNz swHFFRwA ABRFNF Z)!�0!1+ ˆ 6.74 wAz
Z)!�1!1+ ˆ 2.60 GB NAFHqN GgwG ID˜n :L0˜n¯+�0¯ \ 0.4 wAz ID˜n :L1˜n¯+�1¯ \ 0.4- mRGg GgN FRVCUN
yBVCBFRGRBA xBHAzfi vN gwIN GgwG ID˜n :L0˜n¯+�0,L1˜n¯+�1¯ \ 0- �F w yBVCwqRFBAfi xL wCCULRAP GgN
wHGBVwGRy wAwULFRF BA GgN SBRAG VNygwARFV (c ˆ ˜L0,L1¯fi vN BxGwRA w GRPgGNq ABRFN xBHAz vgNqN GgNqN
NKRFGF yNqGwRA swHFFRwA ABRFN (� vRGg Z)! (�!1+ ˆ m.46 GB NAFHqN ID˜n : (L˜n¯ + (�¯ \ 0- kFRAP GgN FRVCUN
yBVCBFRGRBAfi RG RF ABGNz GgwG GgN ABRFN VwPARGHzN Z)!˜�0,�1¯!1+ ˆ 6.22, vgNA vN gwAzUN L0 wAz L1

FNCwqwGNUL vRGg UBvNq]yBVCUNKRGL CqRIwyL wAwULFRF-

5 oBlCwERFBA xdGJddA �MIdEFwERwk wAM uAFGwAyd9xwFdM mBEFG owFd

mN FGwEG xL w UBJNE xBHAz BO GQN swHFFRwA ABRFN RO JN JwAG GB NAFHEN wA RACHG]RAzNCNAzNAG HCCNE xBHAz BO
GQN VHGHwU RAOBEVwGRBA–

SgdnEdl 8 ’bBJNE XBHAz BO �zINEFwERwU swHFFRwA cNyQwARFV?- sRINA GgwG !L˜n¯!1 \ Zfi OBq wA wqxRGqwqL
swHFFRwA CNqGHqxwGRBA VNygwARFV g˜b¯ ˆ M ˜0,1˜b¯¯fi R-N-fi vgNA L˜n¯ ˆ b ∈ �

z
q fi vN PNANqwGN � ∼ g˜b¯

wAz CHxURFg L˜n¯+�- sRINA u ˆ B˜0¯fi RO

rso
C,M�

ID˜n :L˜n¯+�¯ \ u,

GgNA OBq wAL b ∈ �zq wAz � ∼ g˜b¯fi Z)!�!1+ ˆ 5˜Z
√
z.

√
u¯.

fqBBO- iNN �CCNAzRK u–

1gGGCr9..vvv-lwGgvBETr-yBl.gdkC.rGwGr.rwlCkd]zwGw]rdGr-gGlk
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�UPnERGgl W eAURAN dBRFN ZNGNEVRAwGRBA BO �zwCGRINUL]YBVCBFNz hwAzBVRMNz cNyQwARFVFL)09j +

09 uACHG9 � FNG BO EwAzBVRMNz VNyQwARFVFLG˜·, (θG¯ # � WR�W → �
z
q fi (θG ∈ �0R . . .R�Gfi JQNENLG˜·, (θG¯

RF CEBIRzNz wG GRVN FUBG G OBE G ˆ 0, 2, . . . ,j fi zwGw zRFGERxHGRBA �fi FwVCURAP yBVCUNKRGL lfi FNyHERGL
CwEwVNGNEF yfi τ fi wAz CERIwyL xHzPNG ·u] ˆ 0, u0, u1, . . . , uj | FHyQ GQwG 0 < u0 < u1 < . . . < uj –

19 OnE T ˆ 0, 2, . . . ,l zn

29 rEBV zRFGERxHGRBA Cfi RAzNCNAzNAGUL FwVCUN n˜T¯
0 wAz n˜T¯

1 .

W9 uARGRwUUL EwAzBVUL FNUNyG τ FNNzFfi zNABGNz xL (Y˜T¯0 ˆ ·(θ˜T¯0,0 ,
(θ
˜T¯
0,1 , . . . ,

(θ
˜T¯
0,τ|fi (θ

˜T¯
0,k ∈ �0–

49 dAz OnE
59 OnE G ˆ 0, 2, . . . ,j zn
69 OnE T ˆ 0, 2, . . . ,l zn
79 RO G > 0 GgdA
89 YBAzRGRBAwU BA (θ

˜T¯
G−0,kfi EwAzBVUL FNUNyG θ

˜T¯
G,k ∈ �G wAz OBEV w ANJ SBRAG FNNz (θ

˜T¯
G,k ˆ ˜(θ

˜T¯
G−0,k, θ

˜T¯
G,k ¯fi

OBE U ˆ 0, 2, . . . , τ –
0/9 dAz RO
009 YBVCHGN wAz ENyBEz

b
˜T,0¯
G ˆ

√

LG˜n
˜T¯
0 , (θ

˜T¯
G,0 ¯, . . . ,LG˜n

˜T¯
0 , (θ

˜T¯
G,τ ¯

(

,

b
˜T,1¯
G ˆ

√

LG˜n
˜T¯
1 , (θ

˜T¯
G,0 ¯, . . . ,LG˜n

˜T¯
1 , (θ

˜T¯
G,τ ¯

(

.

019 YBVCHGN wINEwPNz U1]ABEV CwREJRFN zRFGwAyN ψ˜T¯
G ˆ !b˜T,0¯G − b˜T,1¯G !11.τ.

029 dAz OnE
0W9 YwUyHUwGN NVCRERywU VNwA (ψG ˆ

√V
Tˆ0 ψ

˜T¯
G .l–

049 eHGCHG# swHFFRwA yBIwERwAyN 1�r ˆ
(ψr[y

1˜ur−ur−0¯
· Bz–

059 dAz OnE

rEBV jQNBENV 8fi JN FNN GQwG RO JN JwAG w zwGw]RAzNCNAzNAG swHFFRwA CNEGHExwGRBA GB NAFHEN xBHAzNz
VHGHwU RAOBEVwGRBA RA GQN wzINEFwERwU JBEFG ywFNfi JN VHFG wzz w ABRFN BO VwPARGHzN BO 5˜Z

√
z.

√
u¯ GB wAL

CBFFRxUN BHGCHG L˜n¯2– eA GQN BGQNE QwAzfi OEBV jQNBENV 2fi JN TABJ GQRF xBHAz RF wUFB GRPQG JQNEN w
swHFFRwA ABRFN BO VwPARGHzN e˜Z

√
z.

√
u¯ ywA HARINEFwUUL NAFHEN GQN VHGHwU RAOBEVwGRBA RF xBHAzNz xL u–

jQRF VwGyQNF BHE RAGHRGRBA GQwG JRGQBHG wAL BGQNE wFFHVCGRBAF RO JN JwAG GB QRzN wExRGEwEL RAOBEVwGRBA
zRFyUBFHEN ’xBHAzNz xL Z RA U1 ABEV?fi JN ANNz ABRFN BA NwyQ zRENyGRBA RA Pz RA w FywUN BO 5˜Z¯fi JQRyQ åAwUUL
CEBzHyNF GQN 5˜Z

√
z¯ VwPARGHzN– jQRFfi RA PNANEwUfi VwTNF GQN CNEGHExNz ENUNwFN HFNUNFF– jQNENOBENfi OBE w

CwEGRyHUwE CEByNFFRAP VNyQwARFVLfi JQNA GQN CEwyGRywU zwGw RF OwE wJwL OEBV GQN wzINEFwERwU JBEFG ywFN BE
GQN zwGw]RAzNCNAzNAG JBEFG]ywFN CEBBO ywAABG xN GRPQGUL CEBzHyNzfi GQNEN yBHUz xN w QHPN HGRURGL yBVCEBVRFN
ENUwGRIN GB GQN f�Y fERIwyL VNwFHENVNAG OEBV wA RAFGwAyN]xwFNz wAPUN–

DKwlCUd 2 ’cNVxNEFQRC uAONENAyN OEBV cNwA qFGRVwGRBA?- mN FHCCBFN Q GB xN our�h0/ )W4+fi w ywABARywU
GNFG zwGwFNG yBVVBAUL HFNz RA yBVCHGNq IRFRBAfi vgRyg yBAFRFGF BO 60, 000 22R22 yBUBq RVwPNF- mN ABqVwURMN
Nwyg CRKNU GB vRGgRA )0, 0+ wAz GwTN Nwyg FwVCUN wF w 2/61]zRVNAFRBAwU INyGBq- mN FHCCBFN Nwyg BO GgN 60, 000
2062]zRVNAFRBAwU FwVCUNF RF R-R-z- qwAzBVUL FNUNyGNz RAGB GgN FNG nfi vgNqN GgN NKCNyGNz ywqzRAwURGL BO {n {
NDHwUF 20, 000fi GB yBAzHyG GgN VNwA NFGRVwGRBA wAwULFRFfi vgNqN L˜n¯ FRVCUL qNGHqAF GgN FHV BO n zRIRzNz
xL 20, 000fi wF wA HAxRwFNz VNwA NFGRVwGBq- lRw �UPBqRGgV 0fi vN gwIN GgwG wA RAzNCNAzNAG swHFFRwA ABRFN
vgBFN Z)!�!1+ ˆ 0.27 RF FH3yRNAG GB NAFHqN ID˜n :L˜n¯+�¯ \ 0- eA GgN BGgNq gwAzfi RA GgN wzINqFwqRwU
vBqFG]ywFN FNGHCfi GgN zwGw BO ABqVwURMNz CRKNU FHPPNFGF GgwG GgN U∞]ABqV BO GgN FNAFRGRIRGL RF xBHAzNz xL 0-
jgN VHGHwU RAOBqVwGRBA xBHAz qNDHRqNF < ˆ 0.60000]Mopf )0W,fi RA GHqA qNDHRqRAP w ABRFN Z)!�!1+ ˆ 06.6fi
vgRyg RF ”2R UwqPNq GgwA GgN RAFGwAyN]xwFNz wAwULFRF- �F w yBVCwqRFBAfi RO vN wCCUL �UPBqRGgV 1 GB yBVCHGN
GgN ABRFN xBHAzfi RG RF qNDHRqNz GgwG Z)!�!1+ ˆ 2.8m vgRyg RF UBBFNq yBVCwqNz GB 0.27 BxGwRANz OqBV �UPBqRGgV

2uA jgdBEdl 8fi vd EdrGERyG Ggd ABRrd zRrGERxHGRBA GB xd swHrrRwA- md kdwId w PdAdERy kBvdE xBHAz eBE wExRGEwEL ABRrd
zRrGERxHGRBA wr wA BCdA CEBxkdl-

0Ú



0fi GgBHPg RG RF VBqN N3yRNAG wAz BAUL qNDHRqNF GgN NFGRVwGRBA BA GgN “CwRq]vRFN( U1 zRFGwAyN wVBAP FRVHUwGRBA
BHGCHGF-

uA qKwVCUN 2fi JN wUENwzL HGRURMN GQN CEBCNEGL GQwG NwyQ zwGw CBRAG RF RAzNCNAzNAGUL FwVCUNz wAz GQN
RAzRIRzHwU FNAFRGRIRGL BO GQN wINEwPRAP BCNEwGBE QwF w yUBFNz OBEV e˜0.A¯ GB PNG w GRPQGNE xBHAz OBE GQN
wzINEFwERwU JBEFG ywFN )0Wfl�– tBJNINEfi RA PNANEwUfi JQNA GQN FwVCURAP RF ABG RAzNCNAzNAG BE GQN FNAFRGRIRGL RF
RAGEwyGwxUNfi BAN VwL ANNz GB wzBCG GQN UBBFN ABRFN xBHAz FQBJA RA jQNBENV 8fi JQNEN w ABRFN RA w FywUN BO
2.2R002 RF ANNzNz– XNUBJfi JN CEBIRzN FHyQ wA NKwVCUN JQNEN CEBzHyRAP w ABA]GERIRwU wzINEFwERwU JBEFG]ywFN
CEBBO ENVwRAF BCNA–

DKwlCUd W ’fERIwGN cwyQRAN bNwEARAP?- mN yBAFRzNq VNwFHqRAP zwGw UNwTwPN BO zNNC UNwqARAP BA CqwyGRywU
zwGw- uA PNANqwUfi RA VwygRAN UNwqARAPfi BHq PBwU RF GB BCGRVRMN GgN vNRPgGF.CwqwVNGNqF v BO FBVN VBzNUfi
IRNvNz wF FBVN OHAyGRBA s˜·,v¯fi GB VRARVRMN GgN UBFF lg�v Z˜K,L¯K

√

s˜a,v¯, b
(

- tNqNfi K qNCqNFNAGF FBVN
UBFF OHAyGRBAfi vgRUN a wAz b qNCqNFNAG GgN ONwGHqN wAz UwxNU BO w FwVCUNfi qNFCNyGRINUL- uzNwUULfi vN NKCNyG GgN
GqwRANz BHG VBzNU s˜a,v¯ GB CqNzRyG GgN GqHN UwxNU b vNUU-

uA GgRF NKwVCUNfi vN yBAFRzNq GqwRARAP w GgqNN]UwLNq OHUUL]yBAANyGNz ANHqwU ANGvBqT BA GgN cduij zwGwFNG
)W6+- cduij yBAGwRAF 60, 000 27 R 27 gwAzvqRGGNA]zRPRG RVwPNF- mN yBAFRzNq w zwGw PNANqwGRBA n xL
qwAzBVUL FwVCURAP 24, 000 FwVCUNF BHG BO GgN NAGRqN zwGw FNG- jgN ANHqwU ANGvBqT gwF GgqNN UwLNqFfi vgNqN GgN
vNRPgGF BO GgN [qFG UwLNq wqN w 67mR 20 VwGqRKfi GgBFN BO GgN FNyBAz UwLNq wqN w 20R 20 VwGqRKfi wAz GgBFN BO
GgN UwFG UwLNq wqN w 20R 00 VwGqRK- mN FNUNyG GgN wyGRIwGRBA OHAyGRBA xNGvNNA UwLNqF GB xN GgN hNUH OHAyGRBA
wAz HFN yqBFF]NAGqBCL wF GgN UBFF OHAyGRBAfi wF w yBVVBA FNGHC RA zNNC UNwqARAP )W”,- jgN GBGwU AHVxNq
BO CwqwVNGNqF RA GgRF ANGvBqT RF 2m, 680- bNG GgN VNygwARFV L yBqqNFCBAz GB qHAARAP OHUU]xwGyg PqwzRNAG
zNFyNAG OBq 0, 400 RGNqwGRBAF vRGg FGNC FRMN 0.04 wAz BHGCHGGRAP GgN [AwU vNRPgG BxGwRANz- rqBV �UPBqRGgV 0fi
vN gwIN GgwG wA RAzNCNAzNAG swHFFRwA ABRFN Z)!�!1+ ˆ 2.6 RF FH3yRNAG GB NAFHqN ID˜n :L˜n¯+�¯ \ 0-
dBA]CqRIwGNULfi GgN GqwRANz]BHG ANHqwU ANGvBqT wygRNINF 8m.7; yUwFFR[ywGRBA wyyHqwyL: HAzNq GgN CNqGHqxwGRBA
GB NAFHqN f�o fqRIwyLfi vN wygRNIN wA wyyHqwyL BO 82.4;fi R-N-fi w FURPgG yBVCqBVRFN- kAOBqGHAwGNULfi OBq GgN
wzINqFwqRwU zwGw]RAzNCNAzNAG vBqFG ywFNfi GgN FNAFRGRIRGL.FGwxRURGL BO PNANqRy ABA]yBAINK BCGRVRMwGRBA qNVwRAF
BCNA 4-

XNOBEN GQN NAz BO GQRF FNyGRBAfi JN JwAG GB CBRAG BHG GQwG GQNEN yBHUz xN wA wFLVCGBGRywUUL UwEPN PwC xN]
GJNNA BHE CEBCBFNz yBAFNEIwGRIN CNEGHExwGRBA wAz GQN BCGRVwU ABRFN ENDHRENzfi RA CwEGRyHUwE OBE GQN RAzRIRzHwU
CERIwyL ywFN–

DKwlCUd 4 ’swC GB eCGRVwU fNEGHExwGRBA?- mN qNGHqA GB GgN CqBxUNV BO VNwA NFGRVwGRBA BO swHFFRwA
zRFGqRxHGRBAF VNAGRBANz RA iNyGRBA 0fi vgNqN vN wFFHVN Nwyg aQ ∈ Pz ∼ M ˜µ,1¯ wAzL˜n¯ ˆ 0.A ·√�

Qˆ0 aQ-
mN OByHF BA GgN RAzRIRzHwU CqRIwyL ID˜aQ:L˜n¯¯ wAz FNG BHG GB DHwAGROL GgN UNwFG ABRFN ANNzNz- rBq wAL
RAzNCNAzNAG swHFFRwA ABRFNfi �| ∼ M ˜0,1�′¯fi vN gwIN

ID˜aQ:L˜n¯+�|¯ ˆ
0

2
· TnP

√

zNG
√

˜
0

A
· 1+ 1�′¯ · ˜ ˜A− 0¯

A1
· 1+ 1�′¯−0

((

. ’01?

eA GgN BGgNq gwAzfi vgNA vN wCCUL �UPBqRGgV 0 wAz VNwFHqN ID˜n :L˜n¯¯ wF w HAROBqV HCCNq xBHAzfi

ID˜n :L˜n¯+�¯ ˆ
0

2
· TnP

√

zNG
√

˜
0

A
· 1+ 1�¯ · 1−0

�

((

. ’02?

rqBV ˜02¯ wAz ˜02¯fi vN ywA zNGNqVRAN GgN yBqqNFCBAzRAP swHFFRwA ABRFNF GB NAFHqN w VHGHwU RAOBqVwGRBA
xBHAz u wAz GgNRq PwC FgBvF wF w UBvNq xBHAz BO GgN PwC xNGvNNA � wAz GgN BCGRVwU CNqGHqxwGRBA �Bfi FRAyN

�ue dwyg dAGEL Be n Rr RAzdCdAzdAGkL PdAdEwGdzfi wAz � rwGRr[dr X]oBAydAGEwGdz pRffidEdAGRwk fERIwyL :opf(fi GgdA
ID;n��;n(( M �X )0W,-

4�A HCCdE xBHAz BA RAzRIRzHwk rdArRGRIRGL Be DlCRERywk hRrT cRARlRMwGRBA Rr BAkL TABvA eBE rGEBAPkL]yBAIda BCGRlRMwGRBA
)07, vRGg wA wzzRGRBAwk bRCrygRGM wrrHlCGRBA wAz Ggd kBrr eHAyGRBA Addzr GB xd w rHl Be RAzRIRzHwk kBrrdr BA dwyg rwlCkd-
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RA GgRF NKwVCUN vN wUqNwzL qNFGqRyG GgN ABRFNF GB xN swHFFRwA- mRGg FBVN ywUyHUwGRBAfi vN gwIN

Z)}�}11[− Z)}��}11[ �
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tNqNfi µ)09z+ wqN GgN NRPNAIwUHNF BO 1- rqBV ˜0m¯fi vgNA GgN CqRIwyL xHzPNG u ≥ z.˜A − 0¯fi GgNqN RF NINA AB
ANNz GB wzz ABRFN: RA GgN gRPg CqRIwyL qNPRVNfi FHyg w PwC yBHUz xN 5˜Aip˜1C˜n¯¯¯. jgNqNOBqNfi GgNqN RF FGRUU
VHyg qBBV GB RVCqBIN GgN yHqqNAG wAwULFRF-

6 hdkwGdM mBETF

47. pR3dDd�sRwT ODRuwyL

Zf RF GQN VBFG FHyyNFFOHU wAz CEwyGRywU RAOBEVwGRBA]GQNBENGRy CERIwyL ABGRBA BINE GQN UwFG GJB zNywzNF–
bBJNE xBHAzF xBGQ RA Zf ABRFN )2Wflfi )W0fl wAz jQNBENV 8 FHPPNFG GQwGfi RA PNANEwUfi GQNEN RF AB OENN UHAyQ OBE
RACHG]RAzNCNAzNAG CERIwyL PHwEwAGNNF - GB CEBzHyN VNwARAPOHU FNyHERGL CwEwVNGNEFfi GQN CNEGHExwGRBA yBHUz
xN VHyQ UwEPNE GQwA GQN BxSNyGRIN zRFyUBFHEN wAz zNFGEBL GQN ENUNwFNz RAOBEVwGRBA– jQRF RF NFCNyRwUUL GEHN
RA GQN QRPQ]zRVNAFRBAwU ywFNfi TABJA wF GQN yHEFN BO zRVNAFRBAwURGL– Zf wAz BHE f�Y fERIwyL CEBCBFN GJB
zRfflNENAG FBUHGRBAF GB BINEyBVN GQRF yQwUUNAPN–

ZRfflNENAGRwU fERIwyL ’Zf? ywA xN VBFG AwGHEwUUL RAGNECENGNz RA w xRAwEL QLCBGQNFRF OBEV– YBAFRzNE GJB
wzSwyNAG zwGwFNGF i] wAz i0 JQRyQ BAUL zRfflNE RA BAN RAzRIRzHwU zwGwCBRAG wAz GJB QLCBGQNFNF# t] JQNEN
GQN RACHG FNG RF i]fi wAz t0 JQNEN GQN RACHG FNG RF i0– � FGEBAP Zf PHwEwAGNN RVCURNF GQwG GQN QLCBGQNFRF
GNFGRAP NEEBE ’w yBVxRAwGRBA BO jLCN u wAz uu NEEBEF? RF UwEPN )1Úfl– uA PNANEwUfi JQNA GQN wzINEFwERwU BxSNyGRIN
RF FCNyRåNz GB RzNAGROL GQN FNyENG OEBV w yUwFF BO ywAzRzwGNFfi FHyQ RAONENAyN ywA xN AwGHEwUUL yQwEwyGNERMNz xL
w ’VHUGRCUN? QLCBGQNFRF GNFGRAP VBzNUfi wAz BAN AwGHEwU CERIwyL zNåARGRBA RF GB VNwFHEN GQN UBJNE xBHAz BO
GQN CEBxwxRURGL JQNA GQN wzINEFwEL BHGCHGF w JEBAP PHNFF )06fl–

jQN xNwHGL BO Zf RA xERzPRAP VNwARAPOHU CERIwyL wAz GBUNEwxUN HGRURGL yBVCEBVRFN RF GB OByHF BA wA
RAzRIRzHwU zwGwCBRAG EwGQNE GQwA GQN NAGREN FNAFRGRIN zwGwFNG– Zf FGwLF JRGQRA GQN zwGw]RAzNCNAzNAG CERIwyL
ENPRVN– ǫ]Zf OBE yBAFGwAG ǫ ywAABG VwTN VNwARAPOHU PHwEwAGNNF OBE GQN NAGREN zwGwfi xNywHFN GQN FNyHERGL
CwEwVNGNE PEBJF URANwEUL JRGQ Aǫ OBE GQN CERIwyL yBAyNEA BO A zwGwCBRAGF ’PEBHC CERIwyL?– tBJNINEfi w
ABRFN BO VwPARGHzN e˜

√
z.A¯ ywA QRzN wAL RAzRIRzHwU wVBAP GQN A]CBCHUwGRBA RO BAN ywA NAFHEN wA e˜0.A¯

FNAFRGRIRGL– jQNENOBENfi BAyN GQN CBCHUwGRBA FRMN A RF UwEPN NABHPQ wAz JN ywA NAFHEN GQN yBAGERxHGRBA OEBV
NwyQ RAzRIRzHwU GB GQN BHGCHG RF URVRGNz NABHPQfi ENwFBAwxUL FVwUU CNEGHExwGRBA ywA NAFHEN PBBz RAzRIRzHwU
CERIwyLfi RAGNECENGNz wF FBVN yBAFGwAG QLCBGQNFRF GNFG NEEBE )4fl– tBJNINEfi wF VNAGRBANz xNOBENfi GQN JBEFG]ywFN
FNAFRGRIRGL CEBBO xNyBVNF GQN TNL FGNC RA Zffi JQRyQ RF PNANEwUUL ABG NwFL xNLBAz FRVCUN wPPENPwGRBA–

f�Y fERIwyL GwyTUNF GQRF yQwUUNAPN xL NAOBEyRAP GQN CERIwyL VNwFHENVNAG GB xN RAFGwAyN]xwFNz GB PNG ERz
BO GQN ENFGERyGRBA OEBV zwGw]RAzNCNAzNAG RVCBFFRxRURGRNF– uA GNEVF BO GQN BxSNyGRIN GB CEBGNyGfi f�Y fERIwyL RF
FGEBAPNE wAz VBEN PNANERyfi JQNEN ABJ GQN CERIwyL BO GgN NAGRqN zwGwFNG yBHUz xN CENFNEINz BAyN GQN CEByNFFRAP
VNyQwARFVL˜n¯ UNwEAF BE xNQwINF FGwxUL xwFNz BA FBVN CBCHUwGRBA CEBCNEGL BO GQN HAzNEULRAP zRFGERxHGRBA
�fi OEBV JQRyQ GQN FNAFRGRIN zwGw n RF PNANEwGNz– uAzRIRzHwU fERIwyL RF BAUL w FCNyRwU ywFN RA f�Y fERIwyL–
eAN ywA RVwPRAN GQwG RO GQN BHGCHG BO L RF BAUL zNCNAzNAG BA GQN zRFGERxHGRBA �fi n RF GQNA RAzNCNAzNAG
BO L˜n¯ wAz JN wyQRNIN CNEONyG FNyENyL JRGQ ENFCNyG GB GQN JQBUN zwGwFNG– uA CwEGRyHUwEfi OBE wCCURywGRBAF
RA VwyQRAN UNwEARAPfi f�Y fERIwyL JBHUz xNANåG OEBV FGEBAP UNwEARAP wUPBERGQVFL BO PBBz PNANEwURMwGRBA–
cBEN zNGwRUF ywA xN OBHAz RA iNyGRBA 6–1–

tBJNINEfi f�Y fERIwyL wUFB QwF URVRGwGRBAF FRAyN RG RF ABG wCCURywxUN JQNA JN ywAABG FRVHUwGN BE JN zBA&G
QwIN wyyNFF GB GQN zwGw PNANEwGRBA BO n – uA yBAGEwFGfi zwGw]RAzNCNAzNAG CERIwyL ’RO RG ywA xN CEBINA? ywA
wUJwLF JBET JRGQ VNwARAPOHU RAGNECENGwGRBA ENPwEzUNFF BO wAL wFFHVCGRBAF BA CERBEF– XHG OBE VBFG FGwGRFGRywU
zwGw CEByNFFRAPfi JQNEN JN wEN wUUBJNz GB yBAzHyG GQN wAwULFRF BA FHxFwVCUNz zwGwfi GQRF URVRGwGRBA ywA xN
BINEyBVN– qINA OBE w PRINA zNGNEVRARFGRy zwGwFNGfi GQEBHPQ FHx]FwVCURAP JN ywA NAOBEyN GQwG GQN FNUNyGNz
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FwVCUNF NASBL NAGEBCL wAz f�Y fERIwyL CEBIRzNF w FGEBAP FNyHERGL RAGNECENGwGRBA# NINA GQN wzINEFwELfi
JQB QwF OHUU TABJUNzPN BO GQN zwGw CBBUfi ywAABG RAONE GBB VHyQ wxBHG FNUNyGNz FwVCUNF RA GQN CEByNFFRAP
VNyQwARFVL–

471 esQdD ODRuwyL cdsDRyr w�z bdwD�R�P iQdnDL gtw�sRsRdr

cHGHwU uAOnElwGRnA :cu( xwFdz �GGwyT wAz fERIwyL pd)ARGRnA# cu RF w JNUU]FGHzRNz VNwFHEN BA GQN
zNCNAzNAyN xNGJNNA GJB EwAzBV IwERwxUNF DHwAGRåNz RA RAOBEVwGRBA xRGF– dwGHEwUULfi BAN VwL yBAFRzNE GQN cu
xNGJNNA GQN FNyENG wAz GQN ENUNwFNéUNwTwPN OBE FNyHERGL CHECBFNF– � UwEPN AHVxNE BO NKRFGRAP JBETF wCCUL cu
GB yBAFGEHyG FRzN]yQwAANU wGGwyTF )8fi 24fl BE NINA FRVCUL wzBCG cu wF w CERIwyL zNåARGRBA )05fi WÚfl– rBE NKwVCUNfi
PRINA TABJA CUwRAGNKGFfi )24fl xHRUG w zRFGRAPHRFQNE xwFNz BA NVCRERywU cu NFGRVwGRBA JQNEN GQN wzINEFwEL
CEBCBFNF w PHNFFRAP BO GQN NAyELCGRBA TNL JRGQ GQN QRPQNFG yBEENUwGRBA FyBEN ENPwEzRAP GQN FRzN]yQwAANU
UNwTwPN– )05fl FQBJNz OHEGQNE wFLVCGBGRy wAwULFRF BO NVCRERywU cu NFGRVwGRBAF HAzNE zRFyENGN EwAzBVANFF–
jQBHPQ JN HFN O ]zRINEPNAyNfi JQNEN cu xwFNz BA ab]zRINEPNAyN RF w FCNyRwU ywFNfi GB zNINUBC RVCBFFRxRURGL
ENFHUGF wF GQN OBHAzwGRBA BO f�Y fERIwyLfi BHE VBGRIwGRBAF wAz ENFHUGF wEN INEL zRfflNENAG OEBV GQBFN CERBE JBETF–
eA BAN QwAzfi f�Y fERIwyL RF ERPBEBHFUL ENFRFGwAG GB wExRGEwEL wzINEFwEL wGGwyTF5fi JRGQBHG wAL ENFGERyGRBAF
BA GQN wzINEFwEL&F RAONENAyN FGEwGNPL BE GQN yBVCHGwGRBA CBJNE– uA wzzRGRBAfi f�Y fERIwyL zBNF ABG HFN cu
BE BGQNE RAOBEVwGRBA VNGERyFfi FHyQ wF rRFQNE RAOBEVwGRBA )21flfi zRFyHFFNz xNUBJfi BE wABALVRGL FNG )44fi 5/flfi wF
GQN UNwTwPN VNwFHENVNAGfi JQRyQfi RA PNANEwUfi UwyT FNVwAGRy FNyHERGL RAGNECENGwGRBA– kAOBEGHAwGNULfi NKyNCG Zffi
VBFG BO GQBFN VNGERyF wEN ABG FNVwAGRy– rBE NKwVCUNfi ENyNAG JBET )12fl wEPHNz GQwG GQN yBAyNCG BO wABALVRGL
FNG zBNF ABG ENFRFG FRAPURAP]BHG wGGwyTF wAz zBNF ABG CEBzHyN zNFREwxUN RAzRIRzHwU CERIwyL PHwEwAGNNF– uA
yBAGEwFGfi GQN NAGREN GQNBEL zNINUBCNz OBE f�Y fERIwyL RF zNIBGNz GB wAFJNERAP GQN OHAzwVNAGwU DHNFGRBA BO
QBJ GB DHwAGROL GQN QwEzANFF BO wA wExRGEwEL wzINEFwERwU RAONENAyN GwFT–
pf HAzdE �zIdEFwEL kAydEGwRAGL# mRGQ w zRfflNENAG VBGRIwGRBA GB wzz UNFF ABRFNfi GQNEN RF w URAN BO
JBETF FHyQ wF zRFGERxHGRBAwU Zf )5fl wAz ABRFNUNFF CERIwyL )01flfi JQRyQ FGHzL GQN ENUwKwGRBA BO Zf wAz GwTN
GQN zwGw NAGEBCL RAGB wyyBHAG– �F VNAGRBANz xNOBENfi GQN BERPRAwU Zf zNåARGRBA NAFHENF RAzRFGRAPHRFQwxUN
URTNURQBBzF BO wAL GJB wzSwyNAG zwGwFNGF RA GQN JBEFG ywFN– uAFGNwzfi )5fi 01fl yBAFRzNENz FGwGRFGRywU wzSwyNAG
zwGwFNGF JQNEN xBGQ GQNRE yBVVBA CwEG wAz GQN zRfflNERAP zwGwCBRAG wEN PNANEwGNz OEBV FBVN zRFGERxHGRBAF–
jQN PBwU BO FHyQ ENUwKwGRBA RF GB NKCUBRG GQN zwGw NAGEBCL GB FHxFGRGHGN ’CwEG BO? GQN NKGNEAwU CNEGHExwGRBA
OBE GQN ENUNwFN– tBJNINEfi FRAyN GQBFN JBETF wEN FGRUU zNINUBCNz JRGQRA GQN Zf OEwVNJBETfi )5fi 01fl NAyBHAGNE
FRVRUwE ENFGERyGRBAF wF GQBFN RA PNANERy Zf wAwULFRF– rREFGfi wAwULGRywU zRFGERxHGRBAwU Zf )5fl wAz ABRFNUNFF
CERIwyL )01fl xBHAzF wEN BAUL TABJA OBE w URVRGNz AHVxNE BO wCCURywGRBAF JRGQ INEL FCNyRåy wFFHVCGRBAF
BA GQN HAzNEULRAP zwGw zRFGERxHGRBAF– iNyBAzfi GQN CERIwyL yBAyNEA RF FGRUU ENPwEzRAP GQN CwEGRyRCwGRBA BO wA
RAzRIRzHwU– uA yBAGEwFGfi f�Y fERIwyL ywA wHGBVwGRywUUL QwAzUN wAL xUwyT]xBK zwGw PNANEwGRBA wAz CEByNFFRAP
VNyQwARFV OBE wExRGEwEL wzINEFwERwU RAONENAyN–
DlCRERywU cdlxdEFgRC uAOdEdAyd.pwGw hdynAFGEHyGRnA# �F w yBAFNDHNAyN BO GQN UBBFNéyBAFNEIwGRIN
JBEFG]ywFN CERIwyL wAwULFRF FHyQ wF Zf )18fl wAz VwKRVwU UNwTwPN )W1flfi w UwEPN AHVxNE BO JBETF wEN zNIBGNz
GB NVCRERywUUL VNwFHERAP GQN wyGHwU RAOBEVwGRBA UNwTwPN )46fi 5Úfl BE GQN wyGHwU CERIwyL PHwEwAGNNF CEBzHyNz
xL NKRFGRAP CERIwGRMwGRBA VNGQBzF )41fi 50fl NFCNyRwUUL RA VwyQRAN UNwEARAP– rBE NKwVCUNfi )46fl VNwFHENz GQN
RA,HNAyN BO BINEåGGRAP BA GQN wzINEFwEL&F wzIwAGwPN BO VNVxNEFQRC BE wGGERxHGN RAONENAyN– jQN ENFHUGF RA
)46fl FHPPNFG GQwG JRGQBHG CEBCNE CERIwyL CENFNEIwGRBAfi VwAL CBCHUwE VwyQRAN UNwEARAP wUPBERGQVF yBHUz QwIN
FNINEN CERIwyL ERFTF– eA GQN BGQNE QwAzfi )41fl NVCRERywUUL FGHzRNz GQN wyGHwU CERIwyL PHwEwAGNN CEBIRzNz
xL Zf]isZ wAz FQBJNz GQwG GQNEN RF w FHxFGwAGRwU PwC xNGJNNA GQN xNFG GQNBENGRywU xBHAz JN ywA yUwRV
FB OwE wAz GQN CEwyGRywU zRFGRAPHRFQRAP wzIwAGwPN BO GQN wzINEFwEL– )50fl FGHzRNz Zf]isZ OEBV w zRfflNENAG
wAPUN– )50fl FQBJNz GQwG yBVCwENz GB zRFGRAPHRFQRAP RAzRIRzHwU CwEGRyRCwGRBAfi Zf]isZ VwL CEBIRzN w VHyQ
FGEBAPNE CERIwyL PHwEwAGNN wPwRAFG NKGEwyGRBA BO EwEN ONwGHENF RA GEwRARAP zwGw– uA BGQNE JBEzFfi yNEGwRA zwGw
ENyBAFGEHyGRBA GwFTF yBHUz xN VHyQ QwEzNE GQwA FRVCUL RzNAGROLRAP GQN NAEBUUVNAG BO wA RAzRIRzHwU FwVCUN–
jQRF VwGyQNF BHE NwEURNE zRFyHFFRBA BA zwGw ENyBAFGEHyGRBA wAz zRFGRAPHRFQRAP wGGwyT RA GQN RAGEBzHyGRBA
FNyGRBA– qVCRERywU JBETF BA BINEåGGRAP wAz PNANEwURMwGRBA yBAGEBU wEN yBVCUNVNAGwELfi wAz ywA RAFGEHyG GQN

5ndrRzdr cufi GgdEd wEd lwAL BGgdE d3yRdAG rRzd]ygwAAdk wGGwyTr xwrdz BA zRffidEdAG rGwGRrGRywk GdrGr rHyg wr fdwErBA yBEEdkwGRBA
)02,-
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zNFRPA BO VBEN FGwxUN CEByNFFRAP VNyQwARFVF JRGQ xNGGNE CERIwyL]HGRURGL GEwzNBffl HAzNE f�Y fERIwyL–
rRFgdE fERIwyL# � ENyNAGUL CEBCBFNz CERIwyL VNGERyfi JQRyQ wUFB VNwFHENF GQN zwGw ENyBAFGEHyGRBA NEEBEfi
RF EBBGNz RA GQN rRFQNE RAOBEVwGRBA wAz GQN YEwV.E-hwB xBHAzfi wAz RF GNEVNz rRFQNE RAOBEVwGRBA UNwTwPN
)21fi 28fi W/fl– sRINA wA HCCNE xBHAz BO rRFQNE RAOBEVwGRBAfi BAN ywA UBJNE xBHAz GQN NKCNyGNz U1 ABEV BO
ENyBAFGEHyGRBA NEEBE OBE wA wzINEFwEL JRGQ PRINA xRwF– tBJNINEfi rRFQNE RAOBEVwGRBA UNwTwPN RF FGRUU RACHG]
RAzNCNAzNAG wAz xwFNz BA URTNURQBBz zRfflNENAyN– jQNEN wEN FNINEwU NFFNAGRwU zRfflNENAyNF yBVCwENz GB CERBEF]
xwFNz f�Y fERIwyL– rREFGfi GB wCCUL GQN YEwV.E-hwB xBHAz RA zwGw ENyBAFGEHyGRBAfi GQN xRwF BO GQN wzINEFwEL&F
ENyBAFGEHyGRBA BA NwyQ FNUNyGRBA BO n VHFG xN FCNyRåNz xNOBENQwAzfi JQRUN GQN BCGRVwU FNUNyGRBA BO FHyQ CBRAG]
JRFN xRwF RFfi RA PNANEwUfi HATABJA– uA yBAGEwFGfi f�Y fERIwyL zBNF ABG CHG wAL ENFGERyGRBAF BE wFFHVCGRBAF BA
GQN wzINEFwEL&F FGEwGNPL– iNyBAzfi rRFQNE RAOBEVwGRBA BAUL VNwFHENF GQN VNwA FDHwENz NEEBE JQNENwF f�Y
fERIwyL QwAzUNF RVCBFFRxRURGL BO wExRGEwEL RAONENAyN GwFTF wAz yERGNERw–
sdAdEwURMwGRnA DEEnE# uA UNwEARAP GQNBELfi PNANEwURMwGRBA NEEBE RF zNåANz wF GQN PwC xNGJNNA GQN UBFF ’CEN]
zRyGRBA wyyHEwyL? xL wCCULRAP GQN GEwRANz VBzNU BA UBywU zwGw ’FNNA? wAz BA GQN zwGw CBCHUwGRBA ’HAFNNA?
)56fl– jB xN OBEVwUfi RA BHE yBAGNKGfi UNGL˜n¯ ENCENFNAG GQN VBzNU UNwEANz IRw GQN ’CBFFRxUL EwAzBVRMNz? wUPB]
ERGQVL OEBV w FNG BO FwVCUNF n fi PNANEwGNz OEBV FBVN zRFGERxHGRBA �– sRINA FBVN UBFF Kfi GQN PNANEwURMwGRBA
NEEBE RF zNåANz wF

sNA˜�,L¯ ˆ Z (n⊥n∼�,C

√

K˜ (n ,L˜n¯¯
(

− Zn∼�,C

√

K˜n,L˜n¯¯
(

.

(n ⊥ n ∼ � ENCENFNAGF GQwG (n wAz n wEN R–R–z– RA �– Z (n⊥n∼�,C

√

K˜ (n ,L˜n¯¯
(

ywCGHENF GQN NKCNyGNz wyyH]
EwyL OEBV GQN VBzNUL˜n¯ BA CBCHUwGRBA zwGwfi JQRUN Zn∼�,C

√

K˜n,L˜n¯¯
(

ywCGHENF GQN NKCNyGNz GEwRARAP
wyyHEwyL– uG RF JNUU TABJA GQwG Zf ywA yBAGEBU GQN PNANEwURMwGRBA NEEBE )6fl– uAzNNzfi GQN ENUwGRBAFQRC xNGJNNA
Zffi f�Y fERIwyL wAz PNANEwURMwGRBA NEEBE ywA xN zNFyERxNz wF OBUUBJF– �F VNAGRBANz NwEURNEfi Zf PHwEwAGNNF
BO L˜n¯ ywA HCCNE xBHAz GQN VHGHwU RAOBEVwGRBA ID˜n :L˜n¯¯ )0Wflfi wAz OEBV )56flfi ID˜n :L˜n¯¯ ywA
GQNA HCCNE xBHAz GQN PNANEwURMwGRBA NEEBE– uA GQN OBUUBJRAPfi JN FQBJ GQwG f�Y fERIwyL ywA wUFB yBAGEBU
GQN PNANEwURMwGRBA NEEBE– rBE FRVCURyRGLfi JN wFFHVN GQwG GQN zRFGERxHGRBA � BO n RF HAROBEV BINE w åARGN FNG
� W ˆ ·n0,n1, . . . ,nd| BO d NUNVNAGF–

SgdnEdl 0/- rBq wAL PRINA L # � W → Bfi wAz UBFF OHAyGRBA K # ˜� W,B¯ → ˜0, 0¯fi FHCCBFN � RF w
HAROBqV zRFGqRxHGRBA BINq � W- uO L FwGRF[NF 9ab> \ ufi OBq GgN yqRGNqRBA ρ˜ =n,n¯ ˆ 0 RO =n ˆ nfi R-N-fi GgN
RzNAGR[ywGRBA CqBxUNVfi GgNA vN gwIN sNA˜�,L¯ \

∑

u.2-

fqBBO- iNN �CCNAzRK v–

tBJNINEfi JN ANNz GB FGENFF GQwG GQN ENINEFN zRENyGRBA zBNF ABG QBUz RA PNANEwU– hNywUU GQN NKwVCUN BO
VHGHwU RAOBEVwGRBA RA VNwA NFGRVwGRBA RA iNyGRBA W–0# JN ywA yBAFGEHyG FBVN zRFyENGN zRFGERxHGRBA JQNEN
PRINA FH3yRNAGUL VwAL FwVCUNF BAN ywA UNwEA GQN GEHN VNwA wExRGEwERUL wyyHEwGNUL xHG GQN VNwA NFGRVwGBE
L yBHUz xN w xRSNyGRIN OHAyGRBAfi JQNENL˜n¯ NFFNAGRwUUL UNwTF NINELGQRAP wxBHG n – tBJNINEfi FVwUU PNANE]
wURMwGRBA NEEBE zBNF QNUC f�Y fERIwyL RO GQN UNwEARAP VNyQwARFV NAFHENF GQN GEwRANz BHG VBzNU RF yUBFN GB
GQN CBCHUwGRBA BCGRVHV– jQHFfi NINA RA w ywFN GQwGL˜·¯ RF xRSNyGRINfi JN BAUL ANNz FVwUU ABRFN GB FwGRFOL w
VHGHwU RAOBEVwGRBA xBHAz–

7 oBAykHFRBAF wAM fEBFCdyGF

uA GQRF CwCNEfi JN CEBCBFN wAz FGHzL w ANJ RAFGwAyN]xwFNz RAOBEVwGRBA]GQNBENGRy CERIwyL ABGRBAfi GNEVNz f�Y
fERIwyL– f�Y fERIwyL NASBLF RAGHRGRIN wAz VNwARAPOHU RAGNECENGwGRBAF# RG NAwxUNF yBAyENGN VNwFHENVNAG BA
GQN wzINEFwEL&F FHyyNFF EwGN BE GQN CBFGNERBE wzIwAGwPN OBE wExRGEwEL zwGw RAONENAyNéENyBAFGEHyGRBA GwFT JRGQ
GQN BxFNEIwGRBA BO zRFyUBFHENF– � FRVCUN DHwAGRåywGRBA IRw PNANERy O ]zRINEPNAyN RF CENFNAGNz– cBEN RVCBE]
GwAGULfi xwFNz BA zwGw CERBEFfi JN FQBJ wA wHGBVwGRy CERIwyL wAwULFRF wAz CEBBO PNANEwGRBA OEwVNJBETfi JQNEN
GQNBENGRywUUL AB wUPBERGQVRy JBEFG]ywFN CEBBO RF ANNzNz– ZwGw UNwTwPN yBAGEBU BO xUwyT]xBK BEwyUNF xNyBVNF
CBFFRxUN IRw f�Y fERIwyL– jQBHPQ GQN RAFGwAyN]xwFNz wAz wzINEFwERwU FNGHCF wENfi RA PNANEwUfi RAyBVCwEwxUNfi
f�Y fERIwyL zBNF QwIN FGEBAP yBAANyGRBAF GB yELCGBPEwCQL wAz Zf– uAzNNzfi VwAL CEBxUNVF BE yBAyNEAF
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RA GQN ENFNwEyQ BE wCCURywGRBAF BO Zf wAz yELCGBPEwCQL QwIN w yBEENFCBAzRAP INEFRBA RA f�Y fERIwyL– jQN
HAzNEULRAP GNyQARywU yQwUUNAPNF wEN ABG ANyNFFwERUL GQN FwVN xHG VBGRIwGRBAF wEN INEL FRVRUwE– mN URFG FBVN
RAGNENFGRAP CEBxUNVF QNEN–
swC xdGvddA Ggd bnywU wAz odAGEwU# YBUUwxBEwGRBA BO FNVR]QBANFG HFNEF GB wVCUROL UBywU Zf IRw
FQHffiRAP VBzNUF QwF xNNA ENyNAGUL CEBCBFNz wAz FGHzRNz RA )11flfi )2/fl– jQN TNL RzNw RF GB FNyHENUL wPPENPwGN
GQN UBywU ABRFL ENFCBAFN OEBV NwyQ HFNEfi JQNEN GQN HAzNEULRAP UBywUUL wzzNz ABRFNF wUFB wPPENPwGN GB CEBzHyN
w VBEN CBJNEOHU CNEGHExwGRBA JRGQ wVCURåNz CERIwyL– �F wAwULMNz RA �CCNAzRK afi IRw cfYfi f�Y fERIwyL
wAwULFRF ywA xN RVCUNVNAGNz RA w zNyNAGEwURMNz FNGHC wAz NwyQ HFNE&F UBywU f�Y fERIwyL JBHUz GQNA wUFB
xNANåG OEBV BGQNE CNBCUN&F zwGw NAGEBCLfi FRVRUwE GB w yNAGEwURMNz ywFN– tBJNINEfi UBywU f�Y fERIwyL CHGF
VBEN ENDHRENVNAGF BA cfYfi wAz yQNwC cfY RVCUNVNAGwGRBA RF w TNL yQwUUNAPN RA VwTRAP RG CEwyGRywU RA
UwEPN]FywUN FLFGNVF–
eCGRlwU fdEGHExwGRnA# cRARVwU CNEGHExwGRBA RF wABGQNE OHAzwVNAGwU CEBxUNV RA xBGQ f�Y fERIwyL wAz
Zf– uA Zffi GQN GQNBENGRywU FGHzL BO ’wFLVCGBGRywUUL? BCGRVwU HGRURGL UBFF RA zRfflNENAG zwGw CEByNFFRAP ENVwRAF
INEL wyGRIN– cwAL GRPQG ENFHUGF wEN TABJA OBE VNwA NFGRVwGRBA )2flfi yBAINK qhc BCGRVRMwGRBA )Úfl JRGQ FCNyRåy
FBUHGRBA ENFGERyGRBAF URTN BA U0 ABEV )1flfi FGByQwFGRy BCGRVRMwGRBA )22flfi wAz CERAyRCwU yBVCBANAG wAwULFRF ’fY�?
)08fl– �UU GQNFN CEBxUNVF ywA wUFB xN FLFGNVRywUUL FGHzRNz HAzNE f�Y fERIwyL– mQRUN RA f�Y fERIwyLfi CERIwyL
wG w yNEGwRA UNINU yBHUz yBVN OBE OENN ’FNN qKwVCUN 4?fi BHE yHEENAG wHGBVwGRy OEwVNJBET ANNzF ABRFN GB
CEBzHyN PNANERy QRPQ]yBAåzNAyN FNyHERGL CwEwVNGNEF– jQNENOBENfi xNFRzNF w GQNBENGRywUUL GRPQG CNEGHExwGRBA
xBHAzfi f�Y fERIwyL wUFB EwRFNF RGF BJA FCNyRwU ENFNwEyQ CEBxUNVfi R–N–fi QBJ GB N3yRNAGUL RVCUNVNAG CERIwyL
wAwULFRF CEBGByBUF wAz CEBzHyN CNEGHExwGRBA FyQNVNF VwGyQRAP GQN BCGRVwU xBHAzú rBE NKwVCUNfi JRGQ
wFFRFGwAyN BO CHxURy zwGwfi QBJ ywA JN CEBCNEUL GEHAywGN GQN BHGCHG zBVwRA wAz ENzHyN FwVCURAPéFRVHUwGRBA
yBVCUNKRGLú
�yTAnvUdzPdldAGF9 mN PEwGNOHUUL wyTABJUNzPN GQN FHCCBEG BO Zij� iRAPwCBENfi YRFyB iLFGNVFfi YwCRGwU
eANfi wAz w cwGQmBETF ONUUBJFQRC– mN wUFB GQwAT GQN wABALVBHF ENIRNJNEF OBE GQNRE QNUCOHU yBVVNAGF–
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)0fl �xwzRfi c–fi YQHfi �–fi sBBzONUUBJfi u–fi cycwQwAfi t–X–fi cREBABIfi u–fi jwUJwEfi a–fi pQwAPfi b–# ZNNC UNwEA]
RAP JRGQ zRfflNENAGRwU CERIwyL– uA# fEByNNzRAPF BO GQN 1/05 �Yc iusi�Y yBAONENAyN BA yBVCHGNE wAz
yBVVHARywGRBAF FNyHERGL– CC– 2/Ú-20Ú ’1/05?

)1fl �FRfi t–fi rNUzVwAfi l–fi aBENAfi j–fi jwUJwEfi a–# fERIwGN FGByQwFGRy yBAINK BCGRVRMwGRBA# eCGRVwU EwGNF RA
U0 PNBVNGEL– uA# uAGNEAwGRBAwU YBAONENAyN BA cwyQRAN bNwEARAP– CC– 282-W/2– fcbh ’1/10?

)2fl �FRfi t–fi rNUzVwAfi l–fi jwUJwEfi a–# eCGRVwU wUPBERGQVF OBE VNwA NFGRVwGRBA HAzNE UBywU zRfflNENAGRwU
CERIwyL– wEnRI CENCERAG wEnRI#11/4–/1W55 ’1/11?

)Wfl XwUUNfi X–fi XwEGQNfi s–fi swxBwEzRfi c–# fERIwyL wVCURåywGRBA xL FHxFwVCURAP# jRPQG wAwULFNF IRw yBHCURAPF
wAz zRINEPNAyNF– �zIwAyNF RA dNHEwU uAOBEVwGRBA fEByNFFRAP iLFGNVF 20 ’1/0Ú?

)4fl XwUUNfi X–fi XwEGQNfi s–fi swxBwEzRfi c–fi tFHfi v–fi iwGBfi j–# tLCBGQNFRF GNFGRAP RAGNECENGwGRBAF wAz ENALR
zRfflNENAGRwU CERIwyL– uA# uAGNEAwGRBAwU YBAONENAyN BA �EGRåyRwU uAGNUURPNAyN wAz iGwGRFGRyF– CC– 1W85-14/5–
fcbh ’1/1/?

)5fl XwFFRULfi h–fi sEByNfi �–fi awGMfi v–fi iVRGQfi �–# YBHCUNz]JBEUzF CERIwyL# qKCUBRGRAP wzINEFwERwU HAyNEGwRAGL
RA FGwGRFGRywU zwGw CERIwyL– uA# 1/02 uqqq 4WGQ �AAHwU iLVCBFRHV BA rBHAzwGRBAF BO YBVCHGNE iyRNAyN–
CC– W28-WWÚ– uqqq ’1/02?

)6fl XwFFRULfi h–fi dRFFRVfi a–fi iVRGQfi �–fi iGNRATNfi j–fi iGNVVNEfi k–fi kUUVwAfi v–# �UPBERGQVRy FGwxRURGL OBE
wzwCGRIN zwGw wAwULFRF– uA# fEByNNzRAPF BO GQN OBEGL]NRPQGQ wAAHwU �Yc FLVCBFRHV BA jQNBEL BO
YBVCHGRAP– CC– 0/W5-0/48 ’1/05?

)Úfl XwFFRULfi h–fi iVRGQfi �–fi jQwTHEGwfi �–# fERIwGN NVCRERywU ERFT VRARVRMwGRBA# q3yRNAG wUPBERGQVF wAz GRPQG
NEEBE xBHAzF– uA# 1/0W uqqq 44GQ wAAHwU FLVCBFRHV BA OBHAzwGRBAF BO yBVCHGNE FyRNAyN– CC– W5W-W62–
uqqq ’1/0W?

)8fl XwGRAwfi b–fi sRNEURyQFfi X–fi fEBHfflfi q–fi hRIwRAfi c–fi iGwAzwNEGfi r–n–fi lNLEwG]YQwEIRUUBAfi d–# cHGHwU RAOBE]
VwGRBA wAwULFRF# w yBVCENQNAFRIN FGHzL– vBHEAwU BO YELCGBUBPL 1W’1?fi 158-180 ’1/00?

)0/fl XNUPQwMRfi c–u–fi XwEwGRAfi �–fi hwSNFJwEfi i–fi eMwREfi i–fi XNAPRBfi o–fi YBHEIRUUNfi �–fi tSNUVfi h–Z–# cRAN#
VHGHwU RAOBEVwGRBA ANHEwU NFGRVwGRBA– wEnRI CENCERAG wEnRI#0Ú/0–/W/51 ’1/0Ú?

)00fl XNA]iwFFBAfi q–fi rNQEfi i–fi eFGEBIFTLfi h–# dNwE]URANwE HAyBAzRGRBAwUUL]FNyHEN VHUGRCwEGL yBVCHGwGRBA
JRGQ w zRFQBANFG VRABERGL– uA# �AAHwU YELCGBUBPL YBAONENAyN– CC– 552-5Ú/– iCERAPNE ’1/01?

)01fl XQwFTwEfi h–fi XQBJVRyTfi �–fi sBLwUfi l–fi bwKVwAfi i–fi jQwTHEGwfi �–# dBRFNUNFF zwGwxwFN CERIwyL– uA#
uAGNEAwGRBAwU YBAONENAyN BA GQN jQNBEL wAz �CCURywGRBA BO YELCGBUBPL wAz uAOBEVwGRBA iNyHERGL– CC–
104-121– iCERAPNE ’1/00?

)02fl XERNEfi q–fi YUwIRNEfi Y–fi eURIRNEfi r–# YBEENUwGRBA CBJNE wAwULFRF JRGQ w UNwTwPN VBzNU– uA# uAGNEAwGRBAwU
JBETFQBC BA yELCGBPEwCQRy QwEzJwEN wAz NVxNzzNz FLFGNVF– CC– 05-18– iCERAPNE ’1//W?

)0Wfl XHAfi c–fi iGNRATNfi j–# YBAyNAGEwGNz zRfflNENAGRwU CERIwyL# iRVCURåywGRBAFfi NKGNAFRBAFfi wAz UBJNE xBHAzF–
uA# jQNBEL BO YELCGBPEwCQL YBAONENAyN– CC– 524-54Ú– iCERAPNE ’1/05?

)04fl XHGGNfi �–v–fi aBQwANfi u–i–# cHGHwU RAOBEVwGRBA ENUNIwAyN ANGJBETF# OHAyGRBAwU PNABVRy yUHFGNERAP HFRAP
CwREJRFN NAGEBCL VNwFHENVNAGF– uA# XRByBVCHGRAP 1///fi CC– W0Ú-W18– mBEUz iyRNAGRåy ’0888?

)05fl YQwGMRTBTBUwTRFfi a–fi YQBGQRwfi j–fi sHQwfi �–# iGwGRFGRywU VNwFHENVNAG BO RAOBEVwGRBA UNwTwPN– uA# uA]
GNEAwGRBAwU YBAONENAyN BA jBBUF wAz �UPBERGQVF OBE GQN YBAFGEHyGRBA wAz �AwULFRF BO iLFGNVF– CC–
28/-W/W– iCERAPNE ’1/0/?
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)06fl YQwGMRTBTBUwTRFfi a–fi fwUwVRzNFFRfi Y–fi fwAwAPwzNAfi f–# fEBxwxRURGL BO NEEBE RA RAOBEVwGRBA]QRzRAP CEBGB]
yBUF– uA# 1/GQ uqqq YBVCHGNE iNyHERGL rBHAzwGRBAF iLVCBFRHV ’Yir&/6?– CC– 2W0-24W– uqqq ’1//6?

)0Úfl YQwHzQHERfi a–fi cBAGNUNBARfi Y–fi iwEJwGNfi �–Z–# ZRfflNENAGRwUUL CERIwGN NVCRERywU ERFT VRARVRMwGRBA– vBHE]
AwU BO cwyQRAN bNwEARAP hNFNwEyQ 01’2? ’1/00?

)08fl YQwHzQHERfi a–fi iwEJwGNfi �–fi iRAQwfi a–# dNwE]BCGRVwU zRfflNENAGRwUUL CERIwGN CERAyRCwU yBVCBANAGF– �z]
IwAyNF RA ANHEwU RAOBEVwGRBA CEByNFFRAP FLFGNVF 14 ’1/01?

)1/fl YQNAfi i–fi mwAPfi h–fi mwAPfi n–fi pQwAPfi a–# iRzN]yQwAANU UNwTF RA JNx wCCURywGRBAF# � ENwURGL GBzwLfi w
yQwUUNAPN GBVBEEBJ– uA# 1/0/ uqqq iLVCBFRHV BA iNyHERGL wAz fERIwyL– CC– 080-1/5– uqqq ’1/0/?

)10fl YQNAPfi f–fi twBfi m–fi ZwRfi i–fi bRHfi v–fi swAfi p–fi YwERAfi b–# YUHx# � yBAGEwFGRIN UBP]EwGRB HCCNE xBHAz BO
VHGHwU RAOBEVwGRBA– uA# uAGNEAwGRBAwU yBAONENAyN BA VwyQRAN UNwEARAP– CC– 0668-06ÚÚ– fcbh ’1/1/?

)11fl YQNHfi �–fi iVRGQfi �–fi kUUVwAfi v–fi pNxNEfi Z–fi pQRULwNIfi c–# ZRFGERxHGNz zRfflNENAGRwU CERIwyL IRw FQHffiRAP–
uA# �AAHwU uAGNEAwGRBAwU YBAONENAyN BA GQN jQNBEL wAz �CCURywGRBAF BO YELCGBPEwCQRy jNyQARDHNF– CC–
264-W/2– iCERAPNE ’1/08?

)12fl YBQNAfi �–fi dRFFRVfi a–# jBJwEzF OBEVwURMRAP GQN PzCE&F ABGRBA BO FRAPURAP BHG– fEByNNzRAPF BO GQN dwGRBAwU
�ywzNVL BO iyRNAyNF 006’04?fi Ú2WW-Ú241 ’1/1/?

)1Wfl YBINEfi j–c–# qUNVNAGF BO RAOBEVwGRBA GQNBEL– vBQA mRUNL ö iBAF ’0888?

)14fl YEwVNEfi h–fi ZwVP[Ezfi u–X–fi NG wU–# iNyHEN VHUGRCwEGL yBVCHGwGRBA– YwVxERzPN kARINEFRGL fENFF ’1/04?

)15fl ZwIRNFfi i–fi cwMHVzwEfi �–fi fwUfi i–fi hwFQGyQRwAfi Y–# bBJNE xBHAzF BA GQN GBGwU IwERwGRBA zRFGwAyN xNGJNNA
VRKGHENF BO GJB swHFFRwAF– uA# uAGNEAwGRBAwU YBAONENAyN BA �UPBERGQVRy bNwEARAP jQNBEL– CC– 208-2W0–
fcbh ’1/11?

)16fl ZNIEBLNfi b–fi cNQEwxRwAfi �–fi hNzzwzfi j–# jQN GBGwU IwERwGRBA zRFGwAyN xNGJNNA QRPQ]zRVNAFRBAwU PwHF]
FRwAF– wEnRI CENCERAG wEnRI#0Ú0/–/Ú582 ’1/0Ú?

)1Úfl ZBAPfi v–fi hBGQfi �–fi iHfi m–v–# swHFFRwA zRfflNENAGRwU CERIwyL– wEnRI CENCERAG wEnRI#08/4–/12Ú2 ’1/08?

)18fl ZJBETfi Y–fi cyiQNEELfi r–fi dRFFRVfi a–fi iVRGQfi �–# YwURxEwGRAP ABRFN GB FNAFRGRIRGL RA CERIwGN zwGw wAwULFRF–
uA# jQNBEL BO yELCGBPEwCQL yBAONENAyN– CC– 154-1ÚW– iCERAPNE ’1//5?

)2/fl qEURAPFFBAfi 7–fi rNUzVwAfi l–fi cREBABIfi u–fi hwPQHAwGQwAfi �–fi jwUJwEfi a–fi jQwTHEGwfi �–# �VCURåywGRBA
xL FQHffiRAP# rEBV UBywU GB yNAGEwU zRfflNENAGRwU CERIwyL IRw wABALVRGL– uA# fEByNNzRAPF BO GQN jQREGRNGQ
�AAHwU �Yc]iu�c iLVCBFRHV BA ZRFyENGN �UPBERGQVF– CC– 1W5Ú-1W68– iu�c ’1/08?

)20fl qEURAPFFBAfi 7–fi rNUzVwAfi l–fi cREBABIfi u–fi hwPQHAwGQwAfi �–fi jwUJwEfi a–fi jQwTHEGwfi �–# �VCURåywGRBA
xL FQHffiRAP# rEBV UBywU GB yNAGEwU zRfflNENAGRwU CERIwyL IRw wABALVRGL– uA# fEByNNzRAPF BO GQN jQREGRNGQ
�AAHwU �Yc]iu�c iLVCBFRHV BA ZRFyENGN �UPBERGQVF– CC– 1W5Ú-1W68– iu�c ’1/08?

)21fl rwEBTQRfi r–fi iwAzxNEPfi t–# rRFQNE RAOBEVwGRBA wF w VNwFHEN BO CERIwyL# fENFNEIRAP CERIwyL BO QBHFNQBUzF
JRGQ FVwEG VNGNEF HFRAP xwGGNERNF– uqqq jEwAFwyGRBAF BA iVwEG sERz 8’4?fi W615-W62W ’1/06?

)22fl rNUzVwAfi l–fi aBENAfi j–fi jwUJwEfi a–# fERIwGN FGByQwFGRy yBAINK BCGRVRMwGRBA# BCGRVwU EwGNF RA URANwE
GRVN– uA# fEByNNzRAPF BO GQN 41Az �AAHwU �Yc ius�Yj iLVCBFRHV BA jQNBEL BO YBVCHGRAP– CC–
W28-WW8 ’1/1/?

)2Wfl sNAPfi g–fi lRFJwAwGQfi f–# eCGRVwU ABRFN wzzRAP VNyQwARFVF OBE wCCEBKRVwGN zRfflNENAGRwU CERIwyL– uqqq
jEwAFwyGRBAF BA uAOBEVwGRBA jQNBEL 51’1?fi 841-858 ’1/04?

)24fl sRNEURyQFfi X–fi XwGRAwfi b–fi jHLUFfi f–fi fENANNUfi X–# cHGHwU RAOBEVwGRBA wAwULFRF– uA# uAGNEAwGRBAwU mBET]
FQBC BA YELCGBPEwCQRy twEzJwEN wAz qVxNzzNz iLFGNVF– CC– W15-WW1– iCERAPNE ’1//Ú?
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)25fl sBUzJwFFNEfi i–fi aUNRAfi i–fi cBFFNUfi q–fi jwVHMfi e–# fHxURyUL INERåwxUN EwAzBVANFF ’1/0Ú?

)26fl sBUzJwFFNEfi i–fi cRywURfi i–# fEBxwxRURFGRy NAyELCGRBA ö QBJ GB CUwL VNAGwU CBTNE TNNCRAP FNyENG wUU CwEGRwU
RAOBEVwGRBA– uA# fEByNNzRAPF BO GQN OBHEGNNAGQ wAAHwU �Yc FLVCBFRHV BA jQNBEL BO yBVCHGRAP– CC–
254-266 ’08Ú1?

)2Úfl sBUzJwFFNEfi i–fi cRywURfi i–# fEBxwxRURFGRy NAyELCGRBA– vBHEAwU BO yBVCHGNE wAz FLFGNV FyRNAyNF 17’1?fi
16/-188 ’08ÚW?

)28fl sHBfi Y–fi awEENEfi X–fi YQwHzQHERfi a–fi IwA zNE cwwGNAfi b–# XBHAzRAP GEwRARAP zwGw ENyBAFGEHyGRBA RA
CERIwGN ’zNNC? UNwEARAP– wEnRI CENCERAG wEnRI#11/0–012Ú2 ’1/11?

)W/fl twAAHAfi �–fi sHBfi Y–fi IwA zNE cwwGNAfi b–# cNwFHERAP zwGw UNwTwPN RA VwyQRAN]UNwEARAP VBzNUF JRGQ
åFQNE RAOBEVwGRBA– uA# kAyNEGwRAGL RA �EGRåyRwU uAGNUURPNAyN– CC– 65/-66/– fcbh ’1/10?

)W0fl twEzGfi c–fi jwUJwEfi a–# eA GQN PNBVNGEL BO zRfflNENAGRwU CERIwyL– uA# fEByNNzRAPF BO GQN OBEGL]FNyBAz
�Yc FLVCBFRHV BA jQNBEL BO yBVCHGRAP– CC– 6/4-60W ’1/0/?

)W1fl uFFwfi u–fi mwPANEfi �–X–fi awVwGQfi i–# �A BCNEwGRBAwU wCCEBwyQ GB RAOBEVwGRBA UNwTwPN– uqqq jEwAFwyGRBAF
BA uAOBEVwGRBA jQNBEL 55’2?fi 0514-0546 ’1/08?

)W2fl vRAfi Y–fi dNGEwCwUURfi f–fi sNfi h–fi awTwzNfi i–c–fi vBEzwAfi c–u–# � FQBEG ABGN BA yBAyNAGEwGRBA RANDHwURGRNF
OBE EwAzBV INyGBEF JRGQ FHxPwHFFRwA ABEV– wEnRI CENCERAG wEnRI#08/1–/2625 ’1/08?

)WWfl awFRIRFJwAwGQwAfi i–f–fi bNNfi t–a–fi dRFFRVfi a–fi hwFTQBzARTBIwfi i–fi iVRGQfi �–# mQwG ywA JN UNwEA
CERIwGNULú iu�c vBHEAwU BA YBVCHGRAP W/’2?fi 682-Ú15 ’1/00?

)W4fl aERMQNIFTLfi �–fi tRAGBAfi s–fi NG wU–# bNwEARAP VHUGRCUN UwLNEF BO ONwGHENF OEBV GRAL RVwPNF ’1//8?

)W5fl bNYHAfi o–fi XNAPRBfi o–fi tRAGBAfi s–# ZNNC UNwEARAP– dwGHEN 410’6442?fi W25-WWW ’1/04?

)W6fl bNYHAfi o–fi XBGGBHfi b–fi XNAPRBfi o–fi twfflANEfi f–# sEwzRNAG]xwFNz UNwEARAP wCCURNz GB zByHVNAG ENyBPAR]
GRBA– fEByNNzRAPF BO GQN uqqq 75’00?fi 116Ú-121W ’088Ú?

)WÚfl cwTQzBHVRfi �–fi iwUwVwGRwAfi i–fi rwJwMfi d–fi c.zwEzfi c–# rEBV GQN RAOBEVwGRBA xBGGUNANyT GB GQN CERIwyL
OHAANU– uA# 1/0W uqqq uAOBEVwGRBA jQNBEL mBETFQBC ’ujm 1/0W?– CC– 4/0-4/4– uqqq ’1/0W?

)W8fl cREBABIfi u–# h.ALR zRfflNENAGRwU CERIwyL– uA# 1/06 uqqq 2/GQ yBVCHGNE FNyHERGL OBHAzwGRBAF FLVCBFRHV
’Yir?– CC– 152-164– uqqq ’1/06?

)4/fl cBBAfi o–u–fi hwSwPBCwUwAfi X–fi bwUUfi k–# qFGRVwGRBA BO VHGHwU RAOBEVwGRBA HFRAP TNEANU zNAFRGL NFGRVwGBEF–
fQLFRywU hNIRNJ q 41’2?fi 120Ú ’0884?

)40fl cHEGwPQfi v–fi lwzQwAfi i–# jQN yBVCUNKRGL BO yBVCHGRAP GQN BCGRVwU yBVCBFRGRBA BO zRfflNENAGRwU CERIwyL–
uA# jQNBEL BO YELCGBPEwCQL YBAONENAyN– CC– 046-064– iCERAPNE ’1/05?

)41fl dwFEfi c–fi iBAPRfi i–fi jQwTHEGwfi �–fi fwCNVBGRfi d–fi YwEURAfi d–# �zINEFwEL RAFGwAGRwGRBA# bBJNE xBHAzF OBE
zRfflNENAGRwUUL CERIwGN VwyQRAN UNwEARAP– uA# 1/10 uqqq iLVCBFRHV BA iNyHERGL wAz fERIwyL ’if?– CC–
Ú55-ÚÚ1– uqqq ’1/10?

)42fl fRAFTNEfi c–i–fi fENUBIfi l–l–fi lNEzHfi i–# iNAFRGRIRGL BO yQwAANU ywCwyRGL– uqqq jEwAFwyGRBAF BA uAOBEVw]
GRBA jQNBEL W0’5?fi 0Ú66-0ÚÚÚ ’0884?

)4Wfl iwFBAfi u–fi lNEz(fi i–# O ]zRINEPNAyN RANDHwURGRNF– uqqq jEwAFwyGRBAF BA uAOBEVwGRBA jQNBEL 51’00?fi 4862-
5//5 ’1/05?

)44fl iNESwAGBIfi �–fi ZwANMRFfi s–# jBJwEzF wA RAOBEVwGRBA GQNBENGRy VNGERy OBE wABALVRGL– uA# fERIwyL qA]
QwAyRAP jNyQABUBPRNF# iNyBAz uAGNEAwGRBAwU mBETFQBCfi fqj 1//1 iwA rEwAyRFyBfi Y�fi ki�fi �CERU 0W-04fi
1//1 hNIRFNz fwCNEF 1– CC– W0-42– iCERAPNE ’1//2?
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)45fl iQwAABAfi Y–q–# YBVVHARywGRBA GQNBEL BO FNyENyL FLFGNVF– jQN XNUU FLFGNV GNyQARywU SBHEAwU 17’W?fi
545-604 ’08W8?

)46fl iQBTERfi h–fi iGEBAwGRfi c–fi iBAPfi Y–fi iQVwGRTBIfi l–# cNVxNEFQRC RAONENAyN wGGwyTF wPwRAFG VwyQRAN
UNwEARAP VBzNUF– uA# 1/06 uqqq FLVCBFRHV BA FNyHERGL wAz CERIwyL ’if?– CC– 2-0Ú– uqqq ’1/06?

)4Úfl iQBEGNAfi Y–fi aQBFQPBOGwwEfi j–c–# � FHEINL BA RVwPN zwGw wHPVNAGwGRBA OBE zNNC UNwEARAP– vBHEAwU BO
xRP zwGw 5’0?fi 0-WÚ ’1/08?

)48fl iGNOwABIfi q–fi ZRSTfi c–l–fi iQRfi q–fi YQwAfi j–t–t–fi rUNGyQNEfi Y–fi hNAfi b–fi oHfi n–fi ZNIwzwFfi i–# fwGQ
eh�c# wA NKGENVNUL FRVCUN BxURIRBHF h�c CEBGByBU– vBHEAwU BO GQN �Yc ’v�Yc? 54’W?fi 0-15 ’1/0Ú?

)5/fl iGNRAxENyQNEfi i–fi a;CFNUUfi i–# cBzNUURAP HAURATwxRURGL– uA# uAGNEAwGRBAwU JBETFQBC BA CERIwyL NAQwAyRAP
GNyQABUBPRNF– CC– 21-W6– iCERAPNE ’1//2?

)50fl iGByTfi f–fi iQRUBIfi u–fi cREBABIfi u–fi iwxUwLEBUUNFfi �–# ZNONAzRAP wPwRAFG ENyBAFGEHyGRBA wGGwyTF JRGQ E\&NALR
zRfflNENAGRwU CERIwyL– wEnRI CENCERAG wEnRI#11/1–/6512 ’1/11?

)51fl jRFQxLfi d–fi fNENREwfi r–Y–fi XRwUNTfi m–# jQN RAOBEVwGRBA xBGGUNANyT VNGQBz– wEnRI CENCERAG
CQLFRyFé///W/46 ’1///?

)52fl lwURwAGfi b–s–# � GQNBEL BO GQN UNwEAwxUN– YBVVHARywGRBAF BO GQN �Yc 16’00?fi 002W-00W1 ’08ÚW?

)5Wfl lNEFQLARAfi h–# tRPQ]zRVNAFRBAwU CEBxwxRURGL# �A RAGEBzHyGRBA JRGQ wCCURywGRBAF RA zwGw FyRNAyNfi IBU– W6–
YwVxERzPN HARINEFRGL CENFF ’1/0Ú?

)54fl mwAPfi o–n–fi XwUUNfi X–fi awFRIRFJwAwGQwAfi i–f–# iHxFwVCUNz E.ALR zRfflNENAGRwU CERIwyL wAz wAwULGRywU
VBVNAGF wyyBHAGwAG– uA# jQN 11Az uAGNEAwGRBAwU YBAONENAyN BA �EGRåyRwU uAGNUURPNAyN wAz iGwGRFGRyF–
CC– 0115-0124– fcbh ’1/08?

)55fl nRwBfi n–fi jwBfi o–# eHGCHG CNEGHExwGRBA JRGQ DHNEL ENUwKwGRBA– fEByNNzRAPF BO GQN lbZX qAzBJVNAG
0’0?fi Ú46-Ú58 ’1//Ú?

)56fl nHfi �–fi hwPRAFTLfi c–# uAOBEVwGRBA]GQNBENGRy wAwULFRF BO PNANEwURMwGRBA ywCwxRURGL BO UNwEARAP wUPBERGQVF–
�zIwAyNF RA dNHEwU uAOBEVwGRBA fEByNFFRAP iLFGNVF 2/ ’1/06?

)5Úfl oNBVfi i–fi sRwyBVNUURfi u–fi rENzERTFBAfi c–fi vQwfi i–# fERIwyL ERFT RA VwyQRAN UNwEARAP# �AwULMRAP GQN
yBAANyGRBA GB BINEåGGRAP– uA# 1/0Ú uqqq 20FG yBVCHGNE FNyHERGL OBHAzwGRBAF FLVCBFRHV ’Yir?– CC–
15Ú-1Ú1– uqqq ’1/0Ú?
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�CCdAMRK

� fEBBe Be iPdBEdl 0 wAM oBEBkkwEL 0

jB FGwEGfi JN ANNz GQN OBUUBJRAP UNVVwF–

bdllw 0- sRINA wAL O ]zRINqPNAyN Ce ˜·!·¯fi wAz GgqNN nNqABHUUR zRFGqRxHGRBAF 0wfi 0x wAz 0y BO CwqwVNGNqF
wfi x wAz yfi qNFCNyGRINULfi vgNqN 0 \ w \ x \ y \ 0- jgNAfi Ce ˜0w!0x¯ \ Ce ˜0w!0y¯.

fqBBO- XL GQN zNåARGRBAfi f˜a¯ ˆ Ce ˜0w!0K¯ ˆ aO˜wK¯ + ˜0 − a¯O˜ 0−w0−K ¯ wAz JN JwAG GB FQBJ f˜a¯ RF ABA]
zNyENwFRAP OBE a ≥ w– mRGQ FBVN ywUyHUwGRBAfi f|˜a¯ ˆ

√

O˜wK ¯− w
KO

|˜wK ¯
(

−
√

O˜ 0−w0−K ¯− 0−w
0−KO

|˜ 0−w0−K¯
(

. uG RF ABGNz
GQwG w

K \ 0−w
0−K OBE a ≥ w– jQHFfi GB FQBJ f|˜a¯ ≥ 0 OBE a ≥ wfi RG FH3yNF GB FQBJ G˜b¯ ˆ O˜b¯ − bO |˜b¯ RF

ABA]RAyENwFRAP JRGQ ENFCNyG GB b ∈ )0, 0+– eA GQN BGQNE QwAzfi G|˜b¯ ˆ O |˜b¯− O |˜b¯ − bO ||˜b¯ \ 0 zHN GB GQN
yBAINK wFFHVCGRBA BO O – jQNENOBENfi GQN yUwRV QBUzF–

bdllw 1 ’ZwGw fEByNFFRAP uANDHwURGL )4Wfl?- oBAFRzNq w ygwAANU GgwG CqBzHyNF p PRINA o xwFNz BA GgN Uwv
zNFyqRxNz wF w yBAzRGRBAwU zRFGqRxHGRBA dp·o - uO dp RF GgN zRFGqRxHGRBA BO p vgNA o RF PNANqwGNz xL do fi wAz
Pp RF GgN zRFGqRxHGRBA BO p vgNA o RF PNANqwGNz xL Po fi GgNA OBq wAL O]zRINqPNAyN Ce fi

Ce ˜dp!Pp¯ \ Ce ˜do !Po ¯.

dBJfi JN ENGHEA GB CEBIN jQNBENV 0– rREFGfi JN QwIN GQN BxFNEIwGRBA GQwG OBE w EwAzBV IwERwxUN n | ∈ � W
RA wA wExRGEwEL zRFGERxHGRBA xHG RAzNCNAzNAG BO n fi >ρB \ fpn′⊥n

√

ρ˜n |,n¯ ˆ 0
(

, FRAyN >ρB RF GQN VRARVHV
OwRUHEN CEBxwxRURGL wyQRNINz xL BCGRVwU w CqRBqR NFGRVwGRBA– tNENfi w ⊥ x ENCENFNAGF GQwG w RF RAzNCNAzNAG BO x–
bNG GQN RAzRywGBE xN w OHAyGRBA GQwG OBE GJB EwAzBV IwERwxUNF w wAz xfi 0˜w, x¯ ˆ 0 RO ρ˜w, x¯ ˆ 0fi BGQNEJRFN 0–
�CCUL bNVVw 0 wAz bNVVw 1fi JQNEN JN IRNJ 0˜·, ·¯ wF w CBFG]CEByNFFRAP BA ˜n, =n¯ wAz ˜n,n |¯fi ENFCNyGRINULfi
JN QwIN GQwG

Ce
√

0δ!0δρX
(

\ Ce
√

0˜n, =n¯!0˜n,n |¯
(

\ Ce
√

dn, =n!dn,n′

(

ˆ Ce
√

dn, =n!dn ⊗ dn′

(

.

eA GQN BGQNE QwAzfi JN TABJ n → L˜n¯ → =n OBEVF w cwETBI yQwRAfi JQNEN GQN wzINEFwEL&F NFGRVwGRBA
=n RF zNCNAzNAG BA BxFNEIwGRBA L˜n¯– bNG GQN wzINEFwEL&F FGEwGNPL xN FBVN BCNEwGBE fwzu JQNEN =n ˆ
fwzu˜L˜n¯¯– jQNENOBENfi JN ywA wCCUL GQN zwGw CEByNFFRAP RANDHwURGL wPwRAfi JQNEN

Ce
√

dn, =n!dn,n′

(

\ Ce
√

dn,C˜n¯!dn,m

(

ˆ Ce
√

dn,C˜n¯!dn ⊗ dm
(

.

tNENfi n | ˆ fwzu˜m ¯ wAz m RF FGRUU RAzNCNAzNAG BO n – iRAyN GQN wxBIN RANDHwURGRNF QBUz OBE wExRGEwERUL
zRFGERxHGNz n | BAyN RG RF RAzNCNAzNAG BO n fi m yBHUz wUFB xN wA wExRGEwEL EwAzBV IwERwxUN BA GQN FwVN
FHCCBEG zBVwRA wFL˜n¯ wAz RAzNCNAzNAG BO n – jQNENOBENfi

Ce
√

0δ!0δρX
(

\ g�x
Mm

Ce
√

dn,C˜n¯!dn ⊗ dm
(

ˆ g�x
Mm

Ce
√

dC˜n¯·n!dm {dn¯.

tNENfi JN HFN {dn GB zNABGN GQwG RG RF yBAzRGRBAwU BA n RA w zRFGERxHGRBA dn – uA CwEGRyHUwEfi RO JN FNUNyG dm
GB xN GQN zRFGERxHGRBA BOL˜n¯fi wAz GwTN �e GB xN ab]zRINEPNAyNfi JN QwIN Cab

√

0δ!0δρX
(

\ ID˜n :L˜n¯¯.

n fEBBe Be iPdBEdl 1

jQN åEFG CwEG BO jQNBENV 1 RF w FRVCUN yBEBUUwEL BO jQNBENV 0– mQNA JN FNCwEwGNUL yBAFRzNE GQN wzINEFwEL&F
RAONENAyN BA NwyQ aQfi GwTN aQ wF GQN n RA GQN CEBBO BO jQNBENV 0 wAz w FRVRUwE ENwFBARAP JRUU CEBzHyN GQN
HCCNE xBHAz BA NwyQ CBFGNERBE FHyyNFF EwGN ˜0− >Q¯fi wAz GQN yUwRV OBUUBJF–

1Ú



YBAFRzNE GQN FNyBAz CwEG BO jQNBENV 1fi JQNEN JN wFFHVN GQN aQ RF R–R–z– PNANEwGNz wAz L RF FBVN
FLVVNGERy VNyQwARFV– mN wCCUL jQNBENV 0 GB HCCNE xBHAz GQN FHyyNFF EwGN GQwG GQN wzINEFwEL ywA
ENyBINE wG UNwFG S VwAL aQF BHG BO GQN GBGwU n fi wF FBVN PNANERy RAONENAyN BA GQN JQBUN zwGw n – ZHN GB
GQN R–R–z– wFFHVCGRBAfi JN TABJ GQN BCGRVwU w CqRBqR FHyyNFF EwGN GB ENyBINE w FRAPUN aQ NDHwUF 0 − (>ρB ˆ
rso=K fp˜ρ˜=a,a¯ ˆ 0¯. YBAFNDHNAGULfi GQN BCGRVwU w CqRBqR FHyyNFF EwGN GB ENyBINE wG UNwFG S BHG BO A FwVCUNF
RF =>i,ρB ˆ

√�
kˆi

√

�
k

(

˜(>ρB¯
�−k · ˜0 − (>ρB¯

k. jQHFfi wCCULRAP jQNBENV 0fi JN QwIN GQwG GQN BCGRVwU CBFGNERBE FHyyNFF

EwGN BA ENyBINERAP wG UNwFG S FwVCUNF ˜0− =>i¯ FwGRFåNF

Cab˜0=δi!0=δi,ρX ¯ \ ID
√

n :L˜n¯
(

.

eA GQN BGQNE QwAzfi zHN GB GQN R–R–z– wAz GQN FLVVNGERy wFFHVCGRBA BO Lfi JN TABJ ID˜aQ:L˜n¯¯ RF
RzNAGRywUfi OBE wAL h ∈ )0 # A+– jQN BCGRVwU CBFGNERBE FHyyNFF EwGN GB ENyBINE NINEL FRAPUN aQ RF GQN FwVN wF
˜0− >¯– jQNENOBENfi UNG GQN RAzRywGBE 0KN ENCENFNAG JQNGQNE aQ RF FHyyNFFOHUUL ENyBINENz– jQN NKCNyGNz AHVxNE
BO FwVCUNF GQwG wA wzINEFwEL ywA ENyBINE FwGRFåNF

A˜0− >¯ ˆ Z)

�
∑

Qˆ0

0KN+ \
�
∑

iˆ0

˜0− =>i¯.

tNENfi JN HFN rHxRAR&F GQNBENV BA GQN NKCNyGwGRBA ywUyHUwGRBAfi JQNEN OBE w EwAzBV IwERwxUN o zNåANz BINE
B
[fi

Z)o + ˆ

[∞
∑

iˆ0

fp˜o ≥ S¯.

jQHFfi JN BxGwRA GQN zNFRENz UBJNE xBHAz BO > NKCENFFNz xL =>i OBE S ˆ 0, 2, . . . ,A–

o fEBBe Be iPdBEdl 2

ID˜n :L˜n¯+X¯

ˆ

∫

Cab˜dC˜n+¯[X!dX¯d˜n ˆ n]¯ zn] −Cab˜dC˜n¯[X!dX¯

ˆ

∫

Cab˜dC˜n+¯[X!dX¯d˜n ˆ n]¯ zn] −
√

Cab˜dC˜n¯[X!drwt˜C˜n¯[X¯¯+Cab˜drwt˜C˜n¯[X¯!dX¯
(

\
∫

Cab˜dC˜n+¯[X!dX¯d˜n ˆ n]¯ zn] −Cab˜drwt˜C˜n¯[X¯!dX¯.
’04?

sRINA GQN zNåARGRBA BO VHGHwU RAOBEVwGRBAfi JN åEFG wCCUL GQN ENFHUGF BO swHFFRwA wCCEBKRVwGRBA )42flfi JQNEN
swH˜�¯ ENCENFNAGF w ’VHUGRIwERwGN? swHFFRwA IwERwxUN JRGQ GQN FwVN VNwA wAz ’yB?IwERwAyN wF GQBFN BO �–
jQNAfi JN zEBC w ANPwGRIN GNEV GB BxGwRA GQN åAwU RANDHwURGL BO ’04?– dNKGfi OByHFRAP BA GQN RAGNPEwU ’åEFG?
GNEV RA ’04?fi

Cab˜dC˜n+¯[X!dX¯ ˆ
0

2
· ˜L˜n]¯¯

j1−0
�
˜L˜n]¯¯,

wAz GQNENOBEN
∫

Cab˜dC˜n+¯[X!dX¯d˜n ˆ n]¯ zn] ˆ
0

2
· Zn

�

˜L˜n¯¯j1−0
�
˜L˜n¯¯

]

.

�F OBE GQN FNyBAz GNEV RA GQN UwFG NDHwGRBA BO ’04?fi JN QwIN GQN yBIwERwAyN BO L˜n¯ NDHwUF 1C˜n¯ ˆ

Zn

�

˜L˜n¯ − Z)L˜n¯+¯˜L˜n¯ − Z)L˜n¯+¯j
]

fi JQRUN GQN VNwA µC˜n¯ ˆ Z)L˜n¯+– jQN ab zRINEPNAyN
xNGJNNA GJB VHUGRIwERwGN swHFFRwAF QwF w yUBFNz OBEVfi JQNEN Cab˜drwt˜C˜n¯[X¯!dX¯ NDHwUF

Cab˜drwt˜C˜n¯[X¯!dX¯ ˆ
0

2
·
√

jEwyN˜1C˜n¯ · 1−0
�
¯

+ Zn )L˜n¯+j1−0
�
Zn )L˜n¯+− TnP zNG˜Bz + 1C˜n¯1

−0
�
¯
(

.
’05?
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eA GQN BGQNE QwAzfi ABGN GQwG

Zn

�

˜L˜n¯¯j1−0
�
˜L˜n¯¯

]

− Zn

�

L˜n¯
]j
1−0
�
Zn

�

L˜n¯
]

− jEwyN˜1C˜n¯ · 1−0
�
¯

ˆ jEwyN
√

Z)L˜n¯− Z)L˜n¯++ · 1−0
�

· Z)L˜n¯− Z)L˜n¯++j
(

− jEwyN
√

1C˜n¯1
−0
�

(

ˆ jEwyN
√

Z)L˜n¯− Z)L˜n¯++ · Z)L˜n¯− Z)L˜n¯++j · 1−0
�

− 1C˜n¯1
−0
�

(

ˆ jEwyN
√

1C˜n¯ · 1−0
�

− 1C˜n¯1
−0
�

(

ˆ 0.

’06?

uA ’06?fi JN HFN GQN OBUUBJRAP OwyGF GQwG OBE GJB wExRGEwEL INyGBEF u0, u1 ∈ Pzfi ˜u0¯j u1 ˆ jEwyN˜u0 · ˜u1¯j ¯fi wAz
OBE GJB wExRGEwEL VwGERyNF �0,�1 ∈ P

z×zfi jEwyN˜�0�1¯ ˆ jEwyN˜�1�0¯– jQNENOBENfi CHGGRAP RG wUU GBPNGQNEfi
JN QwIN w FRVCURåNz OBEV BO GQN ERPQG QwAz BO ’04?fi JQNEN

ID˜n :L˜n¯+X¯ \ TnP zNG˜Bz + 1C˜n¯ · 1−0
�
¯

2
. ’0Ú?

uA GQN OBUUBJRAPfi JN GHEA GB åAz w yBAFGEHyGRBA BO 1� GB yBAGEBU GQN ERPQG FRzN BO ’0Ú?– �FFHVN GQN
ilZ BO 1C˜n¯ ˆ k[k

j fi JQNEN [ ENCENFNAGF w zRwPBAwU VwGERK JQBFN zRwPBAwU NUNVNAGF wEN GQN NRPNAIwUHNF
µ0, . . . ,µz BO 1C˜n¯– mN GwTN 1� ˆ k[�k

j fi JQNEN [� RF w zRwPBAwU VwGERK BO NUNVNAGF µ�,0, . . . ,µ�,z–
kFRAP GQN OwyG GQwG TnP˜0+ a¯ \ afi JN ywA OHEGQNE HCCNE xBHAz GQN ERPQG FRzN BO ’0Ú? wAz BxGwRAfi

ID˜n :L˜n¯+X¯ \ 0

2
·

z
∑

iˆ0

µi
µ�,i

.

eA GQN BGQNE QwAzfi ABGN GQwG Z)!�!11+ ˆ
√z

iˆ0 µ�,i – jQNENOBENfi GB åAz GQN VRARVwU ABRFNfi RG RF NDHRIwUNAG
GB FBUIRAP GQN OBUUBJRAP BCGRVRMwGRBA CEBxUNV–

lg�

z
∑

iˆ0

µ�,i , r.G.

z
∑

iˆ0

µi
µ�,i

\ 2u,µ�,i ≥ 0, S ˆ 0, 2, . . . , z. ’08?

XL t;UzNE&F RANDHwURGL BA
z

∑

iˆ0

µ�,i ·
z

∑

iˆ0

µi
µ�,i

\ 2u ·
z

∑

iˆ0

µ�,i ,

GQN BCGRVwU FBUHGRBA BO ’08? RF µ�,i ˆ ˜2u¯−0 ·
∑

µi · ˜
√z

kˆ0

√
µk¯. �F w yBAFNDHNAyNfi GQN NKCNyGNz U1 ABEV BO

GQN ABRFN Z)!�!1+ RF HCCNE xBHAzNz xL
∑

˜2u¯−0 · ˜√z
iˆ0

∑

µi¯.

p fEBBe Be iPdBEdl W

mN åEFG yBAFRzNE GJB wExRGEwEL CBFRGRIN FNVR]zNåARGN 1 wAz %1fi JQNEN 91 ˆ 1 − %1 zNABGNF GQN zRfflNENAyN–
bNG GQNRE ilZ zNyBVCBFRGRBAF xN 1 ˆ k[kj ˆ

√z
iˆ0 µQHQH

j
Q wAz %1 ˆ %k %[ %kj ˆ %µQ%HQ%H

j
Q – XNOBEN GQN CEBBO

BO jQNBENV Wfi JN ANNz GQN OBUUBJRAP UNVVwF–

bdllw 2 ’mNLU&F GQNBENV?- rBq GvB z R z CBFRGRIN FNVR]zN[ARGN VwGqRyNF 1 wAz %1fi UNG GgNRq NRPNAIwUHNF

xN µ0 ≥ . . . ≥ µz wAz %µ0 ≥ . . . ≥ %µzfi xBGg RA w ABA]RAyqNwFRAP BqzNq- jgNAfi OBq wAL 0 \ S \ zfi
{µi − %µi { \ !1− %1!1.

bdllw W- �FFHVN GgwG o ˆ ·b0, b1, . . . , bV| RF R-R-z- FNUNyGNz OqBV FBVN zRFGqRxHGRBA �L vgBFN FHCCBqG

zBVwRA RF Xzq wAz GgN yBIwqRwAyN VwGqRK RF 1- bNG %1 xN GgN NVCRqRywU yBIwqRwAyN BO o fi GgNA vN gwIN GgwG
vRGg CqBxwxRURGL wG UNwFG ˜0− ,¯fi !91 ˆ %1− 1! RF HCCNq xBHAzNz xL

/Z
√

lua·
√

z+ TnP˜m.,¯

l
,
z+ TnP˜m.,¯

l
|+

√

z TnP˜m.,¯

l

(

.

2/



fqBBO- mN JRUU HFN FBVN ABGRBAF wAz GQN QRPQ]zRVNAFRBAwU FGwGRFGRyF ENFHUGF OEBV )5Wfl– rREFGfi JN QwIN GQN
OBUUBJRAP J–E–G– GQN NVCRERywU yBIwERwAyN– bNG %b ˆ 0

V · √V
Qˆ0 bQfi wAz GQN NVCRERywU yBIwERwAyN RF zNåANz wF

%1 ˆ 0
V

√V
Qˆ0˜bQ − %b¯˜bQ − %b¯j . jQNAfi OBE wAL µ ∈ Pzfi JN QwIN

0

l
·
V
∑

Qˆ0

˜bQ − µ¯˜bQ − µ¯j ˆ %1+ ˜µ− %b¯˜µ− %b¯j .

iNyBAzfi FRAyN b ∼ �L RF HAROBEVUL xBHAzNz wAz JN TABJ b RF FBVN Z]FHxswHFFRwA EwAzBV INyGBE ’FNN ZNO
2–W–0 RA )5Wfl?– dBJfi JN FNUNyG µ ˆ Z)b+fi wAz OBE MNEB]VNwA Z]FHx]swHFFRwA EwAzBV INyGBEFfi OEBV jQV W–6–0
wAz qK W–6–2 RA )5Wflfi JN QwIN GQwG GQNEN NKRFGF FBVN HARINEFwU yBAFGwAG /| FHyQ GQwG JRGQ CEBxwxRURGL wG UNwFG
˜0− ,|¯fi

!1− 0

l
·
V
∑

Qˆ0

˜bQ − µ¯˜bQ − µ¯j ! \ /|Z ·lua·
√

z TnP˜2.,|¯

l
,
z TnP˜2.,|¯

l
|.

eA GQN BGQNE QwAzfi JN CEBIRzN w QRPQ]CEBxwxRURGL yBAyNAGEwGRBA BA GQN VNwA NFGRVwGRBA !µ− %b!.mN HFN GQN
ENFHUGF BA ABqV]FHxswHFFRwA )W2flfi JQNEN

fp˜!µ− %b! ≥ G¯ \ 2N−
lr1

1cq1 .

jQNENOBENfi JRGQ CEBxwxRURGL wG UNwFG ˜0−,|¯fi !˜Z)b+− %b¯˜Z)b+− %b¯j ! \
∫

−1zq1 g�o˜,′.1¯
V . dBJfi UNG ,| ˆ ,

1 fi wAz
CHG GQRAPF GBPNGQNEfi JN QwIN GQwG GQNEN NKRFGF FBVN HARINEFwU yBAFGwAG /fi

!%1− 1! \ /Z
√

lua·
√

z+ TnP˜m.,¯

l
,
z+ TnP˜m.,¯

l
|+

√

z TnP˜m.,¯

l

(

.

bdllw 4- bNG %1 ˆ 1 + 91 ˆ %k %[ %kj OBq %[ ˆ ·%µ0, . . . , %µz|- uO !91! \ yfi GgNA OBq FBVN CwqGRyHUwq
S ∈ )0 # z+fi RO GgN PwC lg�k ′ˆi {µi − µk{ ≥ τ fi GgNA

∑

k ′ˆi

µk˜H
j
k · %Hi¯1 \ my+ mµi lg�

{

0, ˜z− 0¯y1.τ1
}

.

fqBBO- rBE %1fi JN ywA ENJERGN RGF S]GQ NRPNAINyGBE wF GQN OBUUBJRAP

%1%Hi ˆ ˜1+91¯˜Hi +9Hi¯ ˆ %µi %Hi ˆ ˜µi +9µi¯˜Hi +9Hi¯. ’1/?

rEBV ’1/?fi FRAyN 1Hi ˆ µiHi fi JN QwIN GQwG

19Hi ˆ ˜µi +9µi¯˜Hi +9Hi¯− µiHi −91˜Hi +9Hi¯. ’10?

mN VHUGRCUL ˜9Hi¯j BA xBGQ FRzNF BO ’10? wAz QwIN GQwG

˜9Hi¯
j19Hi ˆ µi!9Hi!1 − ˜9Hi¯

j ˜91−9µQ · Bz¯ · ˜%Hi¯. ’11?

dBJfi JN wCCUL GQN NDHRIwUNAG NKCENFFRBA 1 ˆ
√z

kˆ0 µkH
j
k Hk RA ’11? wAz QwIN

µi˜H
j
i ·9Hi¯1 +

∑

k ′ˆi

µk˜H
j
k ·9Hi¯1 \ µi!9Hi!1 + 2!9Hi!!91!!%Hi!

\ µi!9Hi!1 + m!91!.
’12?

tNENfi JN HFN GQN OBUUBJRAP ENFHUGF– rREFGfi OEBV mNLU&F GQNBENV BA NRPNAIwUHNFfi {9µi { ˆ {µi − %µi { \ !91! OBE
wAL S– iNyBAzfi !9Hi! ˆ !Hi − %Hi! \ 2–

20



dBJfi JN yBAFRzNE VHUGRCULRAP Hjk BA xBGQ FRzNF BO 10 wAz JN QwIN GQN OBUUBJRAPfi

µk˜H
j
k ·9Hi¯ ˆ µi˜Hjk ·9Hi¯− Hjk ˜91−9µi · Bz¯ · ˜%Hi¯.

hNwEEwAPN GQN wxBIN wAz GwTN wxFBUHGN IwUHN BO xBGQ FRzNFfi GQNA JN QwIN OBE wAL U ∩ˆ Sfi

{Hjk ·9Hi{ \ 2!91!.{µk − µi { \ 2!91!.τ.

mRGQ GQN wxBIN CENCwEwGRBAfi JN ywA CEByNNz GB HCCNE xBHAz !9Hi!1 − ˜Hji ·9Hi¯1 wF OBUUBJF– iRAyN H)09z+
wEN w FNG BO BEGQBPBAwU xwFRF BO Pzfi OBE w PRINA Sfi

!9Hi!1 − ˜Hji ·9Hi¯1 ˆ
∑

k ′ˆi

˜Hjk ·9Hi¯1 \ m˜z− 0¯!91!1.τ1. ’1W?

dBJ JN CHG ’1W? xwyT RAGB ’12? wAz BxGwRA GQwG

∑

k ′ˆi

µk˜H
j
k ·9Hi¯1 \ m

√

µi˜z− 0¯!91!1.τ1 + !91!
(

.

uG RF ABGNz GQwG
∑

k ′ˆi

µk˜H
j
k · %Hi¯1 ˆ

∑

k ′ˆi

µk˜H
j
k ·9Hi¯1,

FRAyN ‖Hk,Hi〈 ˆ 0 OBE U ∩ˆ Sfi wAz BA GQN BGQNE QwAz JN TABJ µi!9Hi!1 \ mµi fi wAz GQNENOBEN JN BxGwRA GQN
HCCNE xBHAz yUwRVNz FGEwRPQGOBEJwEzUL–

XwyT GB GQN CEBBO BO jQNBENV W– rREFGfi OEBV jQNBENV 2fi JN QwIN

ID˜n :L˜n¯+�¯ \ 0

2
· TnP zNG

√

Bz′ + 1C˜n¯ · 1−0
�

(

\ 0

2
· ip˜1C˜n¯ · 1−0

�
¯. ’14?

dBJfi UNG 1C˜n¯ ˆ k
j[k wAz1−0

�
ˆ %kj %[ %k – iRVRUwEULfi JN OBUUBJ GQN ABGwGRBAF HFNz RA bNVVw 4 wAz UNG %Hi ˆ

Hi+9Hi . jQNAfi OBE GQN åEFG FyNAwERB zNåANz RA �UPBERGQV 0fi UNG S] ˆ upPluai µi ≥ y]fi lg�0≤i≤i+,0≤k≤z {%µi−
%µk{ > y0 wAz µ�,i ˆ

y1√
:µi[y2·˜

�
c
i60

√
:µi[y2¯

, OBE CwEwVNGNEF y]fi y0fi y1 wAz y2 GB xN zNGNEVRANzfi wAz JN wFFHVN

GQwG !1− %1! \ y– jQNAfi JN NKCwAz GQN GNEV ip˜1C˜n¯ · 1−0
�
¯ wF OBUUBJFfi

ip˜1C˜n¯ · 1−0
�
¯ ˆ ip

√

˜

z
∑

iˆ0

µiHiH
j
i ¯ · ˜

z
∑

kˆ0

µ�,k%HkH
j
k ¯

(

ˆ ip
√

z
∑

iˆ0

z
∑

kˆ0

µiµ�,k · ˜Hji %Hk¯1
(

ˆ ip
√

z
∑

iˆ0

z
∑

kˆ0

µiµ�,k · ˜Hji ˜Hk +9Hk¯¯
1
(

\
z

∑

iˆ0

µiµ�,i +

z
∑

iˆ0

∑

k ′ˆi

µiµ�,k˜H
j
i 9Hk¯

1

\
z

∑

iˆ0

y1µi
∫

%µi + y2 · ˜
√z

iˆ0

∫

%µi + y2¯
+

z
∑

iˆ0

y1
zy2

˜my+ mµilg�
{

0, ˜z− 0¯y1.τ1i
}

¯

\
z

∑

iˆ0

y1µi
∫

%µi + y2 · ˜
√z

iˆ0

∫

%µi + y2¯
+
S]˜my+ 06zy1Z1.˜y0 − 2y¯1¯y1 + ˜z− S]¯˜my+ my]¯y1

zy2
.

’15?

21



tNENfi RA GQN FNyBAz RANDHwURGLfi JN HFN GQN OwyG GQwG µ�,i \ y1
zy2
– uA GQN GQREz RANDHwURGLfi JN HFN GQN OwyG GQwG

µi \ mZ1– rBE τi ˆ lg�0≤k≤z {µi − µk{fi IRw mNLU&F bNVVw ’bNVVw 2?fi {µi − %µi { \ y wAz GQHF OBE S ∈ )0 # S]+fi
τi ≥ y0 − 2yfi wAz OBE wAL y2 ≥ y JN QwIN

z
∑

iˆ0

y1µi
∫

%µi + y2 · ˜
√z

iˆ0

∫

%µi + y2¯
\ y1.

dBJfi JN FNUNyG y] ˆ yfi y0 ˆ Z
√
zy + 2yfi y1 ˆ 2ufi y2 ˆ 00yu.βfi wAz JN ywA HCCNE xBHAz GQN ERPQG QwAz BO

’15? wF 2˜u + β¯– jQHFfi xL ’14?fi GQN BxSNyGRIN ID˜n :L˜n¯+�¯ \ u + β–
jQN FNyBAz ywFN RA �UPBERGQV 0 RF FGEwRPQGOBEJwEz GB wAwULMNfi JQNEN

ip˜1 · 1−0
X ¯ ˆ

y1
√z

iˆ0 µi
√z

iˆ0
%µi + zy

\ y1.

tNENfi JN FGRUU wCCUL mNLU&F UNVVw JQNEN JQNA !%1− 1!1 \ yfi GQNA {ip˜%1¯− ip˜1¯{ \ zy–

D fEBBe Be iPdBEdl 4

rREFGfi ENPwEzRAP ID˜n :L˜n, θ¯+X¯ JN QwIN GQN OBUUBJRAP BxFNEIwGRBAfi

ID˜n :L˜n, θ¯+X¯

ˆ
∑

n+

fp˜n ˆ n]¯ ·Cab˜dC˜n+,θ¯[X!dC˜n,θ¯[X¯.
’16?

XwFNz BA BHE wFFHVCGRBAFfi L˜n], θ¯ + X RF zRFGERxHGNz wF w swHFFRwA VRKGHENfi JQNEN OBE FBVN swHFFRwA
X ∼ M ˜0, σ1 · Bz¯fi dC˜n+,θ¯[X ywA xN NDHRIwUNAGUL JERGGNA wF

dC˜n+,θ¯[X ˆ

·�·
∑

iˆ0

0

{�{ ·M ˜L˜n], θi¯, σ
1 · Bz¯.

iRVRUwEULfi JN ywA JERGN dC˜n,θ¯[X RA GQN OBUUBJRAP NDHRIwUNAG OBEVfi

dC˜n,θ¯[X ˆ
∑

n′
+

·�·
∑

iˆ0

0

{�{ · En′
+
·M ˜L˜n |

], θi¯, σ
1 · Bz¯.

�CCULRAP GQN yBAINKRGL BO ab]zRINEPNAyNfi JN QwIN GQwG

Cab˜dC˜n+,θ¯[X!dC˜n,θ¯[X¯ \
∑

n′
+

En′
+
·Cab˜dC˜n+,θ¯[X!dC˜n′

+,θ¯[X
¯

\
∑

n′
+

·�·
∑

iˆ0

0

{�{ · En′
+
·Cab˜dC˜n+,θi¯[X!dC˜n′

+,θW=�′
+
,i(¯[X

¯

ˆ
∑

n′
+

·�·
∑

iˆ0

0

{�{ · En′
+
·
!L˜n], θi¯−L˜n |

], θW˜n′
+,i¯

¯!1
2σ1

,

’1Ú?

OBE wAL CNEVHGwGRBA Wn′
+
BA )0 # {�{+ OBE NwyQ n |

]– tNENfi JN HFN En′
+
ˆ fp˜n ˆ n |

]¯– jQNENOBENfi RO JN UNG
ψ˜n],n

|
]¯ ˆ MW˜b˜n]¯,b˜n

|
]¯¯fi JQNEN

b˜n]¯ ˆ ˜L˜n], θ0¯, . . . ,L˜n], θ·�·¯¯,b˜n
|
]¯ ˆ ˜L˜n |

], θ0¯, . . . ,L˜n |
], θ·�·¯¯,

22



GQNA JN QwIN w FRVCURåNz HCCNE xBHAz BA ID˜n :L˜n, θ¯+X¯ wF OBUUBJFfi

ID˜n :L˜n, θ¯+X¯ ˆ Zn+Cab˜dC˜n+,θ¯[X!dC˜n,θ¯[X¯ \ Zn+,n′
+

ψ˜n],n
|
]¯

2σ1
. ’18?

jQNENOBENfi GB zNERIN GQN HCCNE xBHAz BA GQN BxSNyGRIN VHGHwU RAOBEVwGRBAfi RG FH3yNF GB NFGRVwGN GQN NKCNyGw]
GRBA Zn+,n′

+

ψ˜n+,n
′

+¯
1σ1 fi JQRyQ RF GQN VNwA BO GQN CNEVHGwGRBA zRFGwAyN xNGJNNA GQN NIwUHwGRBAF BOL˜·, θ¯ BA GJB

EwAzBVUL FNUNyGNz RACHG zwGwFNGF n] wAz n |
] OEBV zRFGERxHGRBA �– eA BAN QwAzfi JN TABJ ψ˜n],n

|
]¯ \ mZ1

zHN GB GQN xBHAzNz BHGCHG wFFHVCGRBA OBE wAL n] wAz n |
]– uA GQN OBUUBJRAPfi JN CEBIN GQN OBUUBJRAP UNVVwfi

bdllw 5- bNG �τ ˆ ·θ˜0¯, θ˜1¯, . . . , θ˜τ¯| xN w qwAzBV τ]FHxFNG OqBV � OBq FBVN τ GgwG ywA zRIRzN {�{- mN
zN[AN ψ˜n],n

|
],�τ ¯ GB xN CNqVHGwGRBA zRFGwAyN xNGvNNA

√

L˜n], θ˜0¯¯, . . . ,L˜n], θ˜τ¯¯
(

wAz
√

L˜n |
], θ˜0¯¯, . . . ,

L˜n |
], θ˜τ¯¯

(

qNFGqRyGNz GB GgN NIwUHwGRBAF BA �τ - jgNAfi

Z�τ
ψ˜n],n

|
],�τ ¯ ≥ ψ˜n],n

|
]¯.

fqBBO- mN yBAFRzNE w EwAzBV CNEVHGwGRBA W BA )0 # {�{+ wAz JN FCURG
√

L˜n], θW˜0¯¯, . . . ,L˜n], θW˜·�·¯¯
(

RAGB {�{.τ FNPVNAGF RA BEzNE– rBE GQN S]GQ FNPVNAGfi JN yBAFRzNE GQN VRARVwU CNEVHGwGRBA zRFGwAyN xNGJNNA
GQN GJB FNGF

√

L˜n], θW˜˜i−0¯τ[0¯¯, . . . ,L˜n], θW˜iτ¯¯
(

, wAz
√

L˜n |
], θW˜˜i−0¯τ[0¯¯, . . . ,L˜n |

], θW˜iτ¯¯
(

fi zN]
ABGNz xL ψi˜n],n

|
],W¯– iRAyN ψ˜n],n

|
]¯ RF GQN PUBxwU VRARVHVfi RG RF yUNwE GQwG

ψ˜n],n
|
]¯ \

·�·.τ
∑

iˆ0

ψi˜n],n
|
],W¯

{�{.τ .

mQNA JN GwTN GQN NKCNyGwGRBA BA xBGQ FRzNFfi JN QwIN GQwG

ψ˜n],n
|
]¯ \ Z�τ

ψ˜n],n
|
],�τ ¯.

mRGQ bNVVw 5fi JN ywA CEByNNz GB FQBJ w QRPQ]CEBxwxRURGL VNwA NFGRVwGRBA BO Zn+,n′
+
Z�o )ψ˜n],n

|
],�D¯+–

XL tBNfflzRAP&F RANDHwURGLfi FRAyN ψ˜n],n
|
],�D¯ \ mZ1fi wAz UNG (ψ xN GQN NVCRERywU VNwA BO l R–R–z– FwVCURAP

BA ψ˜n],n
|
],�D¯fi GQNA OBE wAL G > 0fi

fp˜Zn+,n′
+
Z�o )ψ˜n],n

|
],�D¯+ > (ψ + G¯ \ N− 1lr1

04q� .

jQHFfi JQNA l ≥ −4q� g�o ,
y1 , JRGQ yBAåzNAyN ˜0− ,¯fi BAN ywA NAFHEN GQwG

Zn+,n′
+
ψ˜n],n

|
]¯ \ (ψ + y.

�F w yBAFNDHNAyNfi xL FNUNyGRAP X ∼ M ˜0, σ1 ·Bz¯fi OBE σ1 ˆ ˜ (ψ+ y¯.˜2u¯fi JN QwIN GQwG ID˜n :L˜n¯+�¯ \ u
JRGQ yBAåzNAyN ˜0− ,¯–

r fEBBe Be iPdBEdl 5

jQN CEBBO BO jQNBENV 5 RF NFFNAGRwUUL w PNANEwURMwGRBA BO bNVVw 5– mN ENJERGN GQN NKCENFFRBA BOID˜n :L˜n¯¯
wF OBUUBJFfi

0

d

d
∑

Qˆ0

Cab
√

·�·
∑

kˆ0

dC˜nN,θk¯[�˜nN,θk¯

{�{ !
d
∑

iˆ0

·�·
∑

kˆ0

dC˜ni ,θk¯[�˜ni ,θk¯

d {�{ ¯
(

. ’2/?

2W



dBJfi JN wCCUL bNVVw 5 J–E–G FHxFwVCURAP BA θ– rBE w FHxFNG �τ2 BO τ2 NUNVNAGF EwAzBVUL FNUNyGNz OEBV
�fi BAyN τ2{{�{fi JN QwIN GQwG ’2/? RF HCCNE xBHAzNz xLfi

Z�τ2

0

d

d
∑

Qˆ0

Cab
√

∑

θ∈�τ2

dC˜nN,θ¯[�˜nN,θ¯

τ2
!

d
∑

iˆ0

∑

θ∈�τ2

dC˜ni ,θ¯[�˜ni ,θ¯

dτ2
¯
(

. ’20?

mRGQ w FRVRUwE RzNwfi OBE w τ1]FHxFNG � Wτ1 EwAzBVUL FNUNyGNz OEBV � Wfi JN QwIN GQwG ’20? ywA xN HCCNE xBHAzNz
xL

Z�τ2 ,�
M
τ1

0

d

d
∑

Qˆ0

Cab
√

∑

θ∈�τ2

dC˜nN,θ¯[�˜nN,θ¯

τ2
!

∑

θ∈�τ2 ,nk∈�
M
τ1

dC˜nk,θ¯[�˜nk,θ¯

τ1τ2

(

. ’21?

rRAwUULfi JRGQ wABGQNE RAzNCNAzNAG FwVCURAP BA � W GB EwAzBVUL CEBzHyN w τ0]FNG � Wτ0 fi JN BxGwRA wA HAxRwFNz
NFGRVwGRBA BA ’21? wF

Z�τ2 ,�
M
τ1

,� Mτ0

0

τ0

∑

ni∈� Mτ0

Cab
√

∑

θ∈�τ2

dC˜ni ,θ¯[�˜ni ,θ¯

τ2
!

∑

θ∈�τ2 ,nk∈�
M
τ1

dC˜nk,θ¯[�˜nk,θ¯

τ1τ2

(

. ’22?

dBJfi RO JN ENCUwyN NwyQ�˜n, θ¯ xL�˜n, θ¯+�yfi OBE wA RAzNCNAzNAG swHFFRwA ABRFN�y ∼ M ˜0, y·Bz¯fi JN QwIN
GQwG OBE wExRGEwEL ni wAz VNyQwARFVLfi Cab

√
√

θ∈�τ2

M�=�i ,θ()�=�i ,θ(

τ2
!√θ∈�τ2 ,nk∈�

M
τ1

M�=�k,θ()�=�k ,θ(

τ1τ2

(

RF

HAROBEVUL HCCNE xBHAzNz xL 2Z1.y– jQNENOBENfi JN wCCUL GQN XNEAFGNRA RANDHwURGL GB BxGwRA GQN yBAyNAGEwGRBA
yBAGEBU BO FHyQ w VNwA NFGRVwGRBA OEBV R–R–z– FwVCUNFfi JQNEN UNG µ GB xN ’22? wAz

fp˜(φ− µ ≥ β¯ \ NaY
√

− 0.4lβ1

˜2Z1.y¯1.τ0 + β.2 · ˜2Z1.y¯
(

,

wAz GQNENOBEN OBE w yBAåzNAyN ˜0 − ,¯fi JN VwL FNUNyG

l ≥ 2 TnP˜0.,¯

β1
·
√

˜2Z1.y¯1.τ0 + β.2 · ˜2Z1.y¯
(

.

s fEBBe Be iPdBEdl 6

mN wzBCG GQN FwVN ABGwGRBAF wF GQBFN HFNz RA GQN CEBBO BO jQNBENV 4– mRGQBHG UBFF BO PNANEwURGLfi JN yBAFRzNE
GJB wExRGEwEL EwAzBVRMNz VNyQwARFVFL0˜n, θ0¯ wAzL1˜n, θ1¯ JQNEN θ0 wAz θ1 wEN RAzNCNAzNAGUL FNUNyGNz–
mN yBAFGEHyG w SBRAG VNyQwARFV (L˜n, (θ¯ ˆ ˜L0˜n, θ0¯,L1˜n, θ1¯¯fi JQNEN (θ ˆ ˜θ0, θ1¯fi wAz w SBRAG ABRFN
(X ˆ ˜X0,X1¯– jQNENOBENfi OBE wAL PRINA n]fi GQN zRFGERxHGRBA BO (L˜n], (θ¯ RF HAROBEV RA ·L0˜n], θ0¯, θ0 ∈
�0| R ·L1˜n], θ1¯, θ1 ∈ �1|– mRGQ w FRVRUwE ENwFBARAP wF ’1Ú?fi JN QwIN GQwG

ID˜n : (L˜n, (θ¯+ (X¯ ˆ Zn+Cab˜d (C˜n+,(θ¯[ (X!d (C˜n,(θ¯[ (X¯

\
∑

n+,n′
+

En+ · En′
+
·Cab˜d (C˜n+,(θ¯[ (X!d (C˜n′

+,
(θ¯[ (X¯

\
∑

n+,n′
+

∑

θ0i ,θ1k

En+ · En′
+

{�0{ · {�1{
·Cab˜d (C˜n+,θ0i ,θ1k¯[ (X!d (C˜n′

+,θ0W0=�′
+
,i(,θ1W1=�′

+
,k(¯[

(X¯

\
∑

n+,n′
+

∑

θ0i ,θ1k

En+ · En′
+

{�0{ · {�1{
·
√!L0˜n], θ0i¯−L0˜n

|
], θ0W0˜n′

+,i¯
¯!1

2σ10
+

!L1˜n], θ1k¯−L1˜n
|
], θ1W1˜n′

+,k¯
¯!1

2σ11

(

,

’2W?
OBE wExRGEwEL CNEVHGwGRBAF W0˜n |

], ·¯ wAz W1˜n |
], ·¯ BA )0 # {�0{+ wAz )0 # {�1{+– tNENfi JN wFFHVN X0 ∼

M ˜0, σ10 · B¯ wAz X1 ∼ M ˜0, σ11 · B¯ wAz HFN GQN OBUUBJRAP OwyG BO ab]zRINEPNAyN xNGJNNA GJB VHUGRIwERwGN

24



swHFFRwAF

Cab
√

d˜/0,/1¯[˜X0,X1¯!d˜/′
0,/

′
1¯[˜X0,X1¯

(

ˆ
0

2

√!µ0 − µ|0!1
σ10

+
!µ1 − µ|1!1

σ11

(

.

jQNENOBENfi RO JN UNG ψ0˜n],n
|
]¯ NDHwU GQN VRARVHV]CNEVHGwGRBA zRFGwAyN MW0˜b0˜n]¯,b0˜n

|
]¯¯fi JQNEN

b0˜n]¯ ˆ ˜L0˜n], θ0¯, . . . ,L0˜n], θ0·�0·¯¯,b0˜n
|
]¯ ˆ ˜L0˜n

|
], θ0¯, . . . ,L0˜n

|
], θ0·�0·¯¯,

wAz JN FRVRUwEUL zNåAN ψ1˜n],n
|
]¯ JRGQ W1fi GQNA JN QwIN w FRVCURåNz HCCNE xBHAz BA ID˜n : (L˜n, (θ¯+ (X¯

wF OBUUBJFfi

ID˜n : (L˜n, (θ¯+ (X¯ \ Zn+,n′
+

√ψ0˜n],n
|
]¯

2σ10
+

ψ1˜n],n
|
]¯

2σ11

(

. ’24?

jQNENOBENfi RO JN FNCwEwGNUL EHA �UPBERGQV 1 BA L0 wAz L1 wAz zNGNEVRAN σ0 wAz σ1 FHyQ GQwG JRGQ
yBAåzNAyN ˜0− ,0¯ wAz ˜0− ,1¯fi

Zn+,n′
+

ψ0˜n],n
|
]¯

2σ10
\ u0,Zn+,n′

+

ψ1˜n],n
|
]¯

2σ11
\ u1,

ENFCNyGRINULfi GQNA xL HARBA xBHAz JN QwINID˜n : (L˜n, (θ¯+ (X¯ \ u0+u1 JRGQ yBAåzNAyN wG UNwFG 0−˜,0+,1¯–
jQN wxBIN wAwULFRF ywA xN FGEwRPQGOBEJwEzUL PNANEwURMNz GB FGHzL wAL j ]yBVCBFRGRBA JRGQ RAzNCNAzNAG
EwAzBVANFF–

t fEBBe Be iPdBEdl 7

jQN CEBBO RF NFFNAGRwUUL w FRVCUN PNANEwURMwGRBA BO GQwG BO jQNBENV 4 wAz jQNBENV 6– mRGQ w FRVRUwE
ENwFBARAPfi OBE wAL G ∈ )0 # j +fi GQN VHGHwU RAOBEVwGRBA ID˜n :L0˜n : (θ0¯ +�0, . . . ,LG˜n : (θG¯ +�G¯ ywA xN
HCCNE xBHAzNz xL

ID˜n :L0˜n : (θ0¯+�0, . . . ,LG˜n : (θG¯+�G¯ \ Zn+,n′
+

G
∑

iˆ0

ψi˜n],n
|
]¯

2σ1i
. ’25?

tNENfi ψi˜n],n
|
]¯ ˆ !bi˜n]¯−bi˜n |

]¯!11fi JQNEN bi˜n]¯ ˆ
√

Li˜n], (θi0¯,Li˜n], (θi1¯, . . .
(

fi R–N–fi GQN yBAywGN]
AwGRBA BO wUU CBFFRxUN BHGCHGF BOLi JRGQ zRfflNENAG FNUNyGRBAF BO EwAzBVANFF FNNzF (θi fi wAz �i ∼ M ˜0, σ1i · B¯–
jQNENOBENfi GQN PBwU BO �UPBERGQV W RF NFFNAGRwUUL GB zNGNEVRAN σG RA GQN G]GQ EBHAz FHyQ GQwG GQN RAyENVNAG
BO ’25?fi R–N–fi Zn+,n′

+

ψr˜n+,n
′

+¯

1σ1r
fi RF AB UwEPNE GQwA uG − uG−0 zNGNEVRANz xL GQN CERIwyL xHzPNG CENFyERxNz–

jQN BAUL zRfflNENAyN RF GQwG RA wA BAURAN FNGHC OBE wzwCGRIN yBVCBFRGRBAfi JN ANNz GB NAFHEN GQwG GQN
NFGRVwGRBA RA NwyQ FGNC RF wyyHEwGN NABHPQ ’JRGQBHG OwRUHEN RA wAL BAN BO GQN FGNCF JRGQ QRPQ CEBxwxRURGL?–
jQNENOBENfi OBE w j ]yBVCBFRGRBAfi RG FH3yNF GB NAFHEN GQwG GQN ABRFN VNyQwARFVF zNGNEVRANz RA GQN G]GQ EBHAz
ywA NAFHEN yHEENAG SBRAG VNyQwARFV ID˜n :LG˜n : (θG¯+�G¯ \ uG JRGQ QRPQ yBAåzNAyN ˜0− ,.j ¯ wAz xL GQN
HARBA xBHAzfi JN ywA yUwRV GQwG ID˜n :LG˜n : (θG¯ + �G¯ \ uG OBE wAL G ∈ )0 # j + JRGQ yBAåzNAyN wG UNwFG
˜0− ,¯– �CCULRAP jQNBENV 4 OBE NwyQ FGNCfi JN QwIN GQN xBHAz yUwRVNz–

u fEBBe Be iPdBEdl 8

XL fRAFTNE&F RANDHwURGLfi JN TABJ GQN ab]zRINEPNAyN ywA xN UBJNE xBHAzNz xL GQN GBGwU IwERwGRBA– jQHFfi RA
GQN OBUUBJRAPfi JN FRVCUL yBAFRzNE GQN Cjl ˜dn,C˜n¯!dn ⊗ dC˜n¯¯– mN CEBIN jQNBENV 8 xL yBAGEwzRyGRBA#
RO GQNEN NKRFGF FBVN b ∈ B FHyQ GQwG Z�∼f˜L¯!�!1 ˆ B˜Z

√
z.

√
u¯fi GQNA GQNEN NKRFG FBVN dn wAz L FHyQ

GQwG Cjl ˜dn,C˜n¯!dn ⊗ dC˜n¯¯ >
√
u OBE u ˆ B˜0¯– uO ABGfi JN yBAFRzNE GQN OBUUBJRAP yBAFGEHyGRBA BO n

25



wAzL˜n¯– n RF EwAzBVUL FNUNyGNz OEBV w FNG ·n0,n1| wAz JN yBAFRzNE w VNyQwARFVL JQRyQ VwCF n0

GB b wAz n1 GB b|– jQHFfi JN QwIN GQN OBUUBJRAP J–E–G– GQN GBGwU IwERwGRBA–

Cjl ˜dn,C˜n¯!dn ⊗ dC˜n¯¯ ˆ Zn+∼�Cjl ˜dC˜n+¯!dC˜n¯¯

ˆ
0

m
·
∫

c

√

{EL˜M¯−
0

2
· ˜EL˜M¯+ EL′˜M¯¯{+ {EL′˜M¯−

0

2
· ˜EL˜M¯+ EL′˜M¯¯{

(

zM

ˆ
0

m
·
∫

c

√

{EL˜M¯− EL′˜M¯{+ {EL′˜M¯− EL˜M¯{
(

zM

ˆ Cjl
√

M ˜b,1�˜b¯¯!M ˜b|,1�˜b
|¯¯

(

.

’26?

tNENfi JN FRVCUL HFN EL˜M¯ GB zNABGN GQN CEBxwxRURGL zNAFRGL BO g˜b¯ wG CBRAG M– dBJfi JN ywA wCCUL GQN
ENFHUGF wxBHG GQN UBJNE xBHAz BO GBGwU IwERwGRBA OBE GJB VHUGRIwERwGN swHFFRwAF )15flfi )16flfi JQNEN

Cjl
√

M ˜b,1�˜b¯¯!M ˜b|,1�˜b
|¯¯

(

ˆ 5˜0,
!b − b|!1

∑

˜b − b|¯j1L˜b − b¯
¯. ’2Ú?

iRAyN b| RF OENN GB FNUNyGfi JN ywA FNG b| − b GB URN BA GQN FwVN zRENyGRBA BO GQN S]GQ NRPNAINyGBE BO 1˜b¯– eA
GQN BGQNE QwAzfi wF JN wFFHVN u ˆ B˜0¯fi OEBV GQN ERPQG FRzN BO ’2Ú?fi RG RVCURNF *L−L′*1√

µi*L−L′*
\ √

u. iRAyN JN

ywA FNUNyG b| FHyQ GQwG !b − b|! ˆ 5˜Z¯fi GQNENOBEN
∑

µi ˆ 5˜Z.
√
u¯ OBE wAL S ∈ ·0, 2, . . . , z|– jQNENOBENfi

Z�∼f˜L¯)!�!1+ ˆ 5˜Z
√
z.

√
u¯, w yBAGEwzRyGRBA–

v fEBBe Be iPdBEdl 0-

mN CEBIN GQN GQNBENV xL w yBAGEwzRyGRBA– mRGQBHG UBFF BO PNANEwURGL JN wFFHVN GQN zRFGERxHGRBA BOL˜n¯
RF yBAGRAHBHF wAz xL zNåARGRBAfi

sNA˜�,L¯ ˆ Z (n⊥n∼�,C

√

K˜ (n ,L˜n¯¯
(

− Zn∼�,C

√

K˜n,L˜n¯¯
(

ˆ
0

d

d
∑

Qˆ0

√

√d
kˆ0

)

L
K˜nQ, b¯ · EC˜nk¯˜b¯zb

d
−
∫

L

K˜nQ, b¯ · EC˜nN¯˜b¯zb
(

>
∑

u.2.
’28?

mRGQ w ENwEEwAPNVNAG BO GQN GNEVF RA ’28?fi JN QwIN GQwG
∫

L

�

d
∑

Qˆ0

K˜nQ, b¯

d
·
√

√d
kˆ0 EC˜nk¯˜b¯

d
− EC˜nN¯˜b¯

(]

zb ≥
∑

u.2. ’W/?

iRAyN GQN BHGCHG BO UBFF OHAyGRBA K RF xBHAzNz wAz JRGQRA )0, 0+fi ’W/? FHPPNFGF GQwG

0

d
·
∫

L

�

d
∑

Qˆ0

∣

∣

√d
kˆ0 EC˜nk¯˜b¯

d
− EC˜nN¯˜b¯

∣

∣zb
]

≥
∑

u.2. ’W0?

dBJfi JN yBAFRzNE GQN RAONENAyN GwFT GQwG wA wzINEFwEL FNGF BHG GB RzNAGROL GQN GEHN FNUNyGRBA BO n OEBV
� W JRGQ BxFNEIwGRBAFL˜n¯fi wAz JN yBAFGEHyG w FGEwGNPL wF OBUUBJF– sRINA wAL BxFNEIwGRBA b ˆL˜n¯fi GQN
wzINEFwEL JRUU BHGCHG =n ˆ nQ+ FHyQ GQwG h] ˆ upPluaQ EC˜nN¯˜b¯fi JRGQ w VwKRVHV w CBFGNqRBqR NFGRVwGRBA–

uG RF yUNwE GQwG GQN BCGRVwU w CqRBq FHyyNFF EwGN ˜0 − >ǫ,ρB ¯ ˆ 0.d fi JQRUN GQN CBFGNERBE FHyyNFF ˜0 − >¯ BO
GQN wxBIN FGEwGNPL RF wG UNwFG

0

d
·
∫

L

EC˜nN+ ¯
˜b¯zb ˆ

0

d
·
∫

L

lua
Q
·EC˜n0¯˜b¯, . . . ,EC˜nd ¯˜b¯|zb

ˆ
0

d
·
∫

L

√

√d
kˆ0 EC˜nk¯˜b¯

d
+ EC˜nN+ ¯

˜b¯−
√d

kˆ0 EC˜nk¯˜b¯

d

(

zb

≥ 0

d
+

0

d
·
∫

L

�

d
∑

Qˆ0
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∣
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kˆ0 EC˜nk¯˜b¯

d
− EC˜nN¯˜b¯
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∣zb
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uA GQN UwFG URAN BO ’W1?fi JN HFN GQN OwyG GQwG PRINA EC˜nN+ ¯
˜b¯ RF GQN VwKRVwU wyEBFF EC˜nN¯˜b¯fi EC˜nN+ ¯

˜b¯−
�d
k60 ��=�k(

˜L¯

d RF wUFB GQN VwKRVwU wyEBFF wUU GQN CBFFRxUN {EC˜nN¯˜b¯−
�d
k60 ��=�k(

˜L¯

d { OBE wAL h ˆ 0, 2, · · · ,d –
jQHFfi xwFNz BA GQN VwKRVwU RF AB UNFF GQwA GQN wINEwPN BO w FNG BO AHVxNEFfi JN QwIN GQN UBJNE xBHAz RA
’W1?–

dBJfi xL fRAFTNE&F RANDHwURGLfi RO 9ab> \ ufi GQNA 9jl > \
∑

u.2. jQNENOBENfi >ǫ,ρB − > \
∑

u.2, JQRyQ UNwzF
GB w yBAGEwzRyGRBA–

a bBywk f�o fERIwyL

uA GQRF FNyGRBAfi JN PNANEwURMN f�Y fERIwyL GB w UBywUézNyNAGEwURMNz FNGHC– jQN åEFG wCCURywGRBA RF FRVRUwE
GB UBywU Zf )20flfi )WWflfi JQNEN w HFNE zBNF ABG GEHFG wAL BGQNE CwEGRNF wAz CUwAF GB CHxURFQ QNE CNEGHExNz
FwVCUN– jQN CNEGHExNz ENUNwFNz RAzRIRzHwU zwGw yBHUz GQNA xN yBUUNyGNz wAz CBFGCEByNFFNzfi JQRyQ zBNF ABG
RAyHE wzzRGRBAwU CERIwyL UBFF– uA w FyNAwERB JQNEN w HFNE EwAzBVUL FwVCUNF a OEBV QNE UBywU FwVCUN FNG Q
wAz CHxURFQNFfi JN VwL FNUNyGL GB xN GQN RzNAGRGL OHAyGRBAfi R–N–fiL˜a¯ ˆ a wAz VNwFHEN GQN yBEENFCBAzRAP
f�Y fERIwyL–

DKwlCUd 5 ’ZwGw fHxURFQRAP IRw bBywU Zf wAz f�Y fERIwyL?- mN FHCCBFN Q GB xN our�h0/ )W4+fi w
ywABARywU GNFG zwGwFNG yBVVBAUL HFNz RA yBVCHGNq IRFRBAfi vgRyg yBAFRFGF BO 60, 000 22R 22 yBUBq RVwPNF- mN
ABqVwURMN Nwyg CRKNU GB vRGgRA )0, 0+ wAz GwTN Nwyg FwVCUN wF w 2/61]zRVNAFRBAwU INyGBq- bNG GgN UBywU zwGw
CHxURFgRAP xNL˜a¯ ˆ a vgNqN a RF qwAzBVUL FwVCUNz OqBV our�h0/- mRGg w GwqPNG xBHAzID˜a:L˜a¯+�¯ \
0fi PRINA U∞]ABqV FNAFRGRIRGLfi GgN wzINqFwqRwU vBqFG]ywFN UBywU pf qNDHRqNF �˜z¯]UwqPN ABRFNfi vgNqN RA GgRF ywFN
Z)!�!1+ ˆ z.

√
2 ˆ 2.2R 002 IRw GgN swHFFRwA cNygwARFV )0W+- eA GgN BGgNq gwAzfi IRw GgN HCCNq xBHAz RA

jgNBqNV 2fi OBq f�o fqRIwyLfi vN BAUL ANNz ABRFN Z)!�!1+ \ 0.6R 001fi 02R FVwUUNq GgwA GgwG BO UBywU pf-

jQN ywFN JQNEN JN yBAFRzNE w zNyNAGEwURMNz FLFGNV BO A FNVR]QBANFG HFNEF RF VBEN yBVCURywGNz– qwyQ BO GQN
HFNEF JRUU CEBIRzN FBVN UBywU zwGw aQ– mRGQ n ˆ ˜a0,a1, . . . ,a�¯fi GQNL FNG BHG GB yBUUwxBEwGRINUL RVCUNVNAG
FBVN VNyQwARFVL˜a0, . . . ,a�¯, wAz GQN BHGCHGL˜a0, . . . ,a�¯ RF GQN BAUL ANyNFFwqL RAOBEVwGRBA GQNL ANNz
GB zRFyUBFN– cNwAJQRUNfi GQNL JRFQ GB VRARVRMN GQN UNwTwPN BO aQF OEBV GQN NKCBFHEN BOL˜a0, . . . ,a�¯–

hNywUU GQN f�Y fERIwyL OEwVNJBETfi JQRyQ RF xwFRywUUL GQENN CwEGF# ’w? GQEBHPQ FRVHUwGRBAfi JN zNGNEVRAN
GQN CwEwVNGNEF BO ABRFN zRFGERxHGRBA g˜n, θ¯: ’x? JN PNANEwGNn wAz θfi wAz NIwUHwGNL˜n, θ¯: ’y? JN PNANEwGN
�˜n, θ¯ ∼ g˜n, θ¯ wAz CHxURFQ CNEGHExNzL˜n, θ¯+�– tBJNINEfi JRGQBHG w GEHFGNz FNEINEfi w FGEwRPQGOBEJwEz
RVCUNVNAGwGRBA BO GQRF CEBGByBU RF CEBxUNVwGRy– rREFGfi GQN VNyQwARFVL| JN ANNz GB wAwULMN ABJ RAGNPEwGNF
GQN GQENN CEByNzHENF ’w?]’y? VNAGRBANz wxBINfi JQNEN wUU RAGNEVNzRwGN FRVHUwGRBAF VwL ywHFN wzzRGRBAwU
CERIwyL UBFF– iNyBAz wAz VBEN RVCBEGwAGfi GB wAwULMN GQN CERIwyL BO GQN ANJ VNyQwARFVL|fi JN GQNA ANNz
L|| GB RAyBECBEwGN xBGQL| wAz RGF ANJ CERIwyL wAwULFRF FRVHUwGRBAfi JQRyQ GHEAF RAGB wA NAzUNFF UBBC–

jB GQRF NAzfi JN ANNz w FNyHEN yBVCHGwGRBA OBE wUU GQENN CEByNzHENF ’w?]’y? GB åUU GQN PwC xNGJNNA UBywU wAz
yNAGEwURMNz f�Y fERIwyL– rBEGHAwGNULfi RO JN FURPQGUL ENUwK GQN GQENwG VBzNUfi iNyHEN cHUGR]CwEGL YBVCHGwGRBA
’cfY? )14fl CEBIRzNF w PNANERy FBUHGRBA– jQNBENGRywUULfi cfY NAwxUNF w PEBHC BO HFNEF GB yBVCHGN wAL
PNANERy OHAyGRBAfi wAz VNwAJQRUN RG NAFHENF GQwG xNFRzNF GQN BHGCHG BO GQN OHAyGRBA wAz w ’CBFFRxUL yBUUHzRAP?
HFNE&F BJA RACHGfi GQNEN RF ANPURPRxUN wzzRGRBAwU RAOBEVwGRBA UNwTwPN GB wAL CBULABVRwU]yBVCHGwGRBA]xBHAzNz
wzINEFwEL6– jQNENOBENfi JQNA GQN wzINEFwEL RF ENUwKNz GB xN yBVCHGwGRBAwUUL]xBHAzNzfi GQN PEBHC BO FNVR]
QBANFG HFNEF 7 VwL RVCUNVNAG cfY OBE xBGQ CERIwyL wAwULFRF FRVHUwGRBA wAz GQN yBVCHGwGRBA BOL˜n¯˜+�¯fi
JQNEN GQN BHGCHG åAwUUL zRFyUBFNz RF w FRAPUN ’ABRFL? NIwUHwGRBA L˜n¯˜+�¯ ’RO ABRFN RF ANyNFFwEL?– mN
OBEVwUUL zNFyERxN FHyQ bBywUUL]yBUUwxBqwGRIN f�o uAzRIRzHwU fqRIwyL wF OBUUBJF#

pd)ARGRnA 0/ ’˜>, ρ,A,�¯ bBywUUL]yBUUwxBEwGRIN f�Y uAzRIRzHwU fERIwyL?- rBq w zwGw CqByNFFRAP VNygw]
ARFV L wAz A FNVR]gBANFG yBVCHGwGRBAwUUL]xBHAzNz HFNqFfi vgB ˜yBUUwxBqwGRINUL¯ PNANqwGN w zwGwFNG n ˆ

6jgBHPg cfo ywA dArHEd AdPkRPRxkd RAeBElwGRBA kdwTwPd RA zdydAGEwkRMdz yBlCHGRAPfi GgdEd Rr AB PHwEwAGdd eBE Ggd zRrykBrHEd
Be BHGCHG �;n(- jgdEdeBEdfi vd Addz w ABGRBA rHyg wr f�o fERIwyL eBE PdAdERy CERIwyL ldwrHEdldAG-

7md Addz GB wrrHld HrdEr wEd rdlR]gBAdrG GB dArHEd GgwG Ggd zwGw PdAdEwGRBA eBkkBvr Ggd CEdryERxdz zRrGERxHGRBA �fi BE
wzzRGRBAwk IdER[wxkd yBlCHGwGRBA BA zwGw PdAdEwGRBA-
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˜a0,a1, . . . ,a�¯ OqBV FBVN zwGw zRFGqRxHGRBA � vgNqN aQ RF OqBV GgN h]Gg HFNqfi vN FwLL FwGRF[NF ˜>, ρ,A,�¯]
UBywUUL]yBUUwxBqwGRIN f�o uAzRIRzHwU fqRIwyL RO OBq wAL h ∩ˆ S ∈ )0 # A+ GgN OBUUBvRAP NKCNqRVNAG RF RVCBFFRxUN7

� zwGwFNG n ˆ ˜a0,a1, . . . ,a�¯ RF PNANqwGNz OqBV zRFGqRxHGRBA � wAz L˜n¯ RF CHxURFgNz- jgN S]Gg HFNq
vgB TABvF ai fi � wAzLfi S ∩ˆ hfi RF wFTNz GB qNGHqA wA NFGRVwGRBA =aQ BA aQ FHyg GgwG vRGg CqBxwxRURGL wG UNwFG
˜0− >¯fi ρ˜=aQ,aQ¯ ˆ 0-

YBVCwENz GB GQN yNAGEwURMNz ywFNfi GQN BAUL zRfflNENAyN RA GQN wAwULFRF RF GQwG JN ANNz GB yBAGEBU GQN
yBAzRGRBAwU ID˜aQ:L˜n¯{ai¯ OBE wAL h ∩ˆ S ∈ )0 # A+ EwGQNE GQwA FRVCUL ID˜aQ:L˜n¯¯– mN ANNz GB NAFHEN
GQwG GQN S]GQ HFNE JQB wUENwzL TABJF QNE BJA zwGw ai FGRUU ywAABG RAONE GBB VHyQ wxBHG wABGQNE h]GQ HFNE&F
zwGw OEBVL˜n¯– XL GQN yQwRA EHUNfi JN QwIN GQwG

ID˜aQ:L˜n¯{ai¯ \ ID˜n :L˜n¯¯−ID˜ai :L˜n¯¯ \ ID˜n :L˜n¯¯,

OBE wAL h wAz S– jQNENOBENfi ID˜n :L˜n¯¯ RF FGRUU wA HCCNE xBHAz BA GQN CBFGNERBE wzIwAGwPN RA GQN UBywUUL]
yBUUwxBEwGRIN INEFRBA– �F w åAwU ENVwETfi GQN wxBIN FNVR]QBANFG wFFHVCGRBA ywA xN OHEGQNE ENUwKNz GB GQN
wzINEFwERwU FNGHC JRGQ wzzRGRBAwU wCCURywGRBAF BO HAyBAzRGRBAwUUL FNyHEN cfY )00fl wAz INERåwxUN EwAzBVANFF
)25fl– jQN ANNz BO INERåwxUN EwAzBVANFF RF GB NAFHEN GQN zRFGERxHGRBAF BO zwGw PNANEwGRBA wAz EwAzBVANFF
FNNz FNUNyGRBA wEN yBAFRFGNAG RA xBGQ CERIwyL wAwULFRF FGNCF ’wfix? wAz BHGCHG PNANEwGRBA FGNCF ’y? OBE NwyQ
HFNE–

hdlwET 1- jgBHPgID˜n :L˜n¯¯ RF wA HCCNq xBHAz BA xBGg luaQID˜aQ:L˜n¯¯ wAz luaQ,iID˜aQ:L˜n¯{ai¯fi
vgRyg ywA CqBzHyN FNyHqRGL CwqwVNGNqF BO yNAGqwURMNz wAz UBywU RAzRIRzHwU f�o fqRIwyL RA pN[ARGRBAF ” wAz
0/fi qNFCNyGRINULfi vN VHFG FGqNFF GgwGfi HFRAP ID˜n :L˜n¯¯fi vN wUFB BxGwRA FGqBAPNq wAz VBqN VNwARAPOHU f�o
fqRIwyL OBq GQN JQBUN FNG n- jwTN VNVxNqFgRC RAONqNAyN wF wA NKwVCUN- uO Nwyg HFNq zNyRzNF GB qwAzBVUL
CwqGRyRCwGN RA GgN wAwULFRF vRGg gNq UBywU zwGw aQfi ID˜n :L˜n¯¯ DHwAGR[NF GgN VwKRVwU CBFGNqRBq wzIwAGwPN
OBq wAL CBFFRxUN RAONqNAyN GgN wzINqFwqL yBHUz RVCUNVNAG BA wUU CwqGRyRCwAGF qwGgNq GgwA GgwG BO w FRAPUN BAN-
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